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CONHDENM 

ABSTRACT 

•^  A5 exten8ive investigation is presented into the «pplicsbii- 
ity and accuracy of the method of aerodynamic influence coeffi- 
cients for calculating the airload distribution on thin wings of 
arbitrary planform, executing small steady or simple harmonic 
T*l^a  in VuPäV«onic flow of perfect gas. Several rep?esen- 
». Ü«%eXa,n5le8> invo}vln§ «in«» «ith various combinations of 
subsonic and supersonic edges, are worked out. Where possible 
comparisons are made with results of more exact linearized theory 
I.bLT*JSive ?dv**ta8c8 of three types of elementary area for  y" 
subdividing the wing planform are studied. The type which ap- 
pears most satisfactory from considerations of versatility ac- 
curacy and simplicity is the "Mach box," a rectangular a?4a 
ofTT'^in.Ki1*80"^8 P«rÄliel to the Mach lines, on the basis of all available evidence, the method is concluded to be satil- 
imil  f0r U8!1" flutter Prediction or similar applications, 
and reconwendations are put forth regarding preparation of tables 
?n Ü^fr^K10 Influenc? coefficients. A set of working rules 
to assist the engineer in using these coefficients is published 
in a subsequent report (Ref. 31). K 

PUBLICATION REVIEW 

This report has been reviewed and is approved, 

FOR THE COMMANDER: 

DANIEL D. McKEE 
Colonel, USAF 
Chief, Aircraft Laboratory 
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SECTION I 

INTRODUCTION 

in supersonic flow hJs f^ceJved co^lSl^?6 lifting  3urface 
the original work of von Borbelv ?S^f ffbJe a"ention since 
Two distinct approaches h^eJ^n^olioiLjn'S! T1? l940,s- 
tions for various wing planforms E01iowed ln developing solu- 

tions^^rii^e^'^^^^^t^re^Sa^i^ 

finite wings,   several aSthn^ H «PPe«rs  in Refs.   2-5.•   For 
ted to spefihl^n^s^murfgefr"?6^3?1^10!;8  lini' quarter-infinite win« and ext-inSL K?    * 3,*i  tre«ted the 
forms with oblique strll*hrf!^?    hH fornVl«tion to plan- 
the prescribed ^tionsifearMtr^v6^'  (Reif-  5)"    ^ough 
the velocity potential are in i^f^/J6 results obtained fSr 
tion of thli ?heory Js  Umited Ey^ctfcIT'/^^^ Äppllc- 
cases where the mode of oscillatLE f-  7 ^    considerations  to 
soanwise coordinate      Other o«^?^ 5    independent of the 
6),   Stewartson (Kf    7)  an5 Ro?t ^f^fti  e-8i  Good,Mn (Re- 
solutions  for deformations which irf ,;.8K?rrJved at ^iiilar 
direction only.     Evvlrd°s eoui^W ^riable in the 8tre*,D 

Stewart and Li  for the oscSlatTirJ;^61 c?ncePt "" used by 
and by Chang for an olclllatl^ «£ rectangular wing (Ref.  9/ 
sonic  leading 2nd JrSluii'ÄTJSf ^S* ?in* with SUP«- 
quently found that  this  concept  is jfii^lnw^ Waf  S^5S' 
quencies.     An extension fBof    ii\     VÄild only for  low fre - 
Li,  which wouir^jJ«e(^f-m^Lrio?r^^ed 5y SteWÄrt -nd 
Concurrently Watkins  treated ?hf ?f„5      higher frequencies, 
in rigid-body motiSns'bJ ^ s«Ls ex»^}" WJn8i oscillating 
function of the aoverAln* ?nJ!»i!? expansion of the kernel 
frequency (up to8?he ?hj?d S InT?'1??  V*™3 of the 

seventh power in Ref.   13)    P Ref'   l2 Änd UP to the 

superlSniÄJ llr^inl SliTtS**1"<** delt- ^8 with 
Miles (Ref.   if),  Proehlich8rJif    i"c?dy ü^1?"8 wfs  studied by 

K^Xor* * ,he aUth0r De"^ 1955 '» nation as a WADC 
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J"f°™l«e<lby"i"föd"„JI?!1J0
iJJch'u^°?1'lf««S»«<'8". 

Wmtkins and Berman (Refs.   10    Pof      TK- i ff*   lö'  *nd by 
considered imprectiiel  in vii« of thl jJ?"*' solu'lon ** 
numerical computations      ft«. L      th* ^«^ousnas» of the 
rigid body nations .nl-Rp^rLr^^f1^ V* Ref-   ^ ^r 
resentable by a quadratic  fnJ»      u harraonlc deformation* rep- 
low frequencj ind Se i^d^cv o?*?'  ^ li*it*ti<>n toP 

representing many tvoes of 3»f™ 5.the ^«^«tlc form for 
ness of the^esHlts^f Ref.   ?o 0n re8trlct  ^ «"*>!- 

for ^Se^^crJft ifng^d0^??^"/"0 a8?ect rÄt1^ «^Pted 
devise a unified theor5whJchf-^SUrf?Ces'   J' is desirable to 
herent in nearlj InVf tolnilJlll^u^* lini^^ons in- 
A promising avenue in this dSectJin    JSJho?S ^nt^ned above, 
character,  was  first suMeatid K5 p?'  entl5ely numerical  in 
21,  22)» for «ny planSS Jlfh *L?inea «"d collaborators (Refs. 
extended to pllmfSrl. Sl?h »«S-!1} suP«r8onic edges (and liter 
arbitrary deJoSS Ä      tt^JH8es).OSeilfati"8 in •" 
of the "ierodynamic  influ^^^iJi:?0?*"* 1t

a
J

b*Md on the use 
pressure develoJSd at a «SiSt öS fhfCi?nt'ü defined ÄS th« 
velocity of thefluid (dSwSsh? S Jlnf by conat™t normal 
wing,  while the downwash  iTI^LfS        «le^ntary area of the 
Planform.    This  influence coJff???^Jer0^V^r the rMt of the 
adapted to loading cSSSut.tlon^??'^6'1100 f*n re«dily be 
laying a grid of^x^^rwing'ind'reU^8^ by OVer- 
on any box to the known motions of !?? JK    J    8 tbe Pre«8ure 
applications yield quite Mtl!f«5«!i    the ho*el'    Nu»«rical 
forms considered in^efs    21    I?    Pffi!CCU!fC? for the plan- 
for planforms with suSfonic edlei bv inr^h0? ««««»tended 
concept of Eward (Ref    23)» aSd nlLw KduCin8 th* diaphragm 
turbed flow region off the pllnfoä8 bOXe8 OVer the di- 

squar«? änEls^arbrsh^^^iiii'^r "ff—• «e 
wings with subsonic edBLto^hf®1"1' lhe «PPlicabillty for 
tabulations  for the aefJJvÜ.Jo*^??86 of   A}>^'    Extensive 
sociated with sauar« h«v«  - influence coefficients as- 
ing a suggestloHrPin«8 Li'itS."*1*^ (M-  2^ '    Foll°*- 
lar analylis using as alii««J-U"*  26'27) carried out simi- 
whose dligo^irS. JaSuir;^^"" Jhr •»-«•"•d **** boxes. 
Mach box appear, to IVtll^l ^fÄ^nJ^iatil1.^1^ 

•Refer^räriu-aarl... th „tux features of Ref..  21-23. 

WADC TR 56-97,   Part   I 

CONFIDENTIAL 



mmmhi 

In . r.ceJt "port (RS 28) ?hr;;«J„inA;ub,t,'utnt "«"«». 
«nother «Itemktivt «rid syst« SIS! «« Ä"thor» suggested 
terlstlc boxes. TheK •iI2.«J?i« «  P of so'c*ll**  ch«r«c- 
»ld.s paralKl'to thlHSriKSf  eÄ8 *" rhört>u«" with 

«nd M^^TJIfr^^'SrfSrt^rT8^0 by »™*t.tt.r sonic leadina «nd triil?«. Lff tAP«"<* planforms with super- 

infinite win«, reolacln» t-K* iL   f soiution for the quarter- 
one (the forl^s? pJii?! o5e^!P"ed yin8 rith a rectenguUr 
setting the SSS^Sh ,qu.l£to ^^0«^ J*1?8 th? S^  •nd 
tenguler wing between the l.-rff^ -2» ther

re81on of the rec- 
This step is perrnHJible since ^?!!3.0f '5* two P^nfoms. 
The downütsh is represented es ^ loil^1118.*08? ls supersonic, 
ates, end if such i rwesenJLfonT ."u1*8 in the «oordin- 
nust take « Uree nii»h£^ «^5  0n i8 t0 be satisfactory, one 

considered. treated on the most general planform 

that the^rh^hly^Li^ii ^ese numerical methods is 
high-speid «achiSe ^utlJJois Tht  ^f0"/^ suited to 
be reduced to a larttekaerei-rf *«f 5* Äffofyn«n«ic theory can 
erations, which invflvJ8the8u^ «f repetitive, elementary op- 
tables.  However, p^epirlna such LM^S8

*
11
? «PP^^ble 

study the proposed grid systems and ^hJJ  Ä?fC P5oblem is to 
various types of wiScs of eurrLf «J*  appl lc«tlons to 
sociated ilth each of thfse sJstLf ?hfUtUre inte"st. As- 
culties which must be cWlv^roLf e5e Äre eert:ain diffi- 

of subsontc «.gSr^^I^'Ä Ktf^fl^it^'^ 
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in. to oth.r unae..dy «ss^ic'j^sr^a^oSjc^ 

tlon ^.JSfe0 SAC'.' • M' "f ~U. for th. wltc.. 
the que.tlon of wh«t dürf- % oefficients' <>«« Is faced wffh 

very insensltlvj  ft irSJ«^^!' time*  this speed «Jv be 

the ideal would be to have Sf ~-  ul*tlon' «n<I to this end 
loads compared to thai JUS P«rcent«8e «rror of the alj- 
*t least one order ofÜ^iJuL^^S^ Vlllu<8) *™n£  bv 

-op ÄÄÄS ;X&ÄX- - 
period of tlni. " Prob1»» «Ithln « reasonable 

(2) Maxlmm accuracy should be ohi-.(n.j 
"here any furthir slgnlf ".„t ?i^' "P t0 • Polot 
ted with excessive addluoMl SEO?™""" U '"°*i'- 

(3) Äura'ctÄ S'tlllt^l ^0 l?.rove«„t. 
when they yield creator ).5Ü fnd reconroended,  but onlv 
not  integre se?[oSsly SfftiS1^1 ^"^ency'aSS'So •nd degree of organiSl^'^^^JPtual^licUy 
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SECTION II 

AERODYNAMIC INFLUENCE COEFFICIENT EXPRESSIONS 

FOR THE THREE BASIC TYPES OF GRID SYSTEM 

II-1 Aerodynamic Theory 

h*™^00^118 t2 linefrized Potential flow theory for simple 
harmonic motion of an almost-plane lifting surface (Ref 12? 
the complex amplitude of the velocity potential vfx. *)* at a 
point (x,f)  on the upper side of the surface is» * * '*>   at a 

Eq. (2.1) 

where vfa?) is the complex amplitude of the norma] 
component of fluid velocity (downwash) 
produced by the wing's motion. 

and Eq- (2.2) 

*'?>$>¥ are rectangular coordinates (cf. Fig. II.1), 
Z(ty) is the deflection amplitude of the mean sur- 

face of the wing at ( ?/f  ) (positive down), 
A is the entire disturbed region bounded by the 

forward Mach lines emanating from \ X,*      ), 
and the various constants are defined in the list of symbols.' 

*In accordance with the standard procedure for reoresentlnc 
simple harmonic motion, the actual numerical va"es of the8 

Xl  o?^1?5' e^re88ions fe"**, use"**    etc., where co     is the circular frequency. 
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\Po     fa) I» • 

be evaluated in terms of tabulated funJ? ble 1"t«8r«l ^nnot 
that a numerical method ™st be Jesfr?^?™'  - -   the reSult: 

Idea (Refs.   21-24),   one may sollt ?SP^ 
t0;  /oll°win8 Pines' 

stnall elementary areas VrallSwcer?!^!* A-^^ 8ufficiently 
evaluation of the double  intc«al?f    approximations  in the 
downwash is constant over each Jr^  H 0ne a8sunies that  the 
the approximate expression '   for exan,Ple'  one obtains 

if 

^itf in^h: sS^^^e
r?f %^^^^ l   /'ihe 

influence coefficient (abSrevilted A?6 ir^^f8 the ««odynamic 
pressure at point ( xj ) due to a unV*- 5  heru on)' i-e" the 
The AIC will denpnH «/^u i    .  unlt downwash over A: 
and the Ihape of A    ^ri00?'1?11 0£ ^ relative to fV ) 
for the eleSln?fr/areas ?boxes?SiCfl

Shape8KhaVe been Propofed^ 
with diagonals paJallJlto ?h« MLK ??*" J*^68' rectangles 
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E'10^")' SllS^^le,0^^/»»'«1"" integrations of 

Equation (2.4) My be put.  lnt0 the eom 

where 

":ar'*boimenSl0,,le" "«"nates,   «    ls  th. slde of the 

Eq-   (2.5) 

arbitrarily chosen o?igln box f o^ \0 ^ th* ri8ht 0f *" 
^_ and M appear wUgS til brackets of S^ Vt:5%?arfneters 

coefficients therefo?eai^^s -foSn^s^l^^ElL'.theSe 
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Fig.  II.1 The Square Box Grid System 

For "far boxes" (i.e., v > z    ), the following types of 
approximations are used: 

,-^x-ö~ -'^*-^ 

a*(*JrK)Zo.s(*L^ cos^tJLfatf),    Eq8> ( 2.7a-b) 

where ( ^c . 7<L ) denotes the center of the sending box.  For 
sending boxes which lie completely inside the forward Mach 
lines from ( x, ^  ), the areas of integration are squares, 
Then one obtains for the AIC the expression 

+ 

Eq, (2.8) 
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where 

'* v+i TTJ—  ' 

Pfat) ^i)i ' EqS-   <2-9a-c) 
H-^fo?"01?!^0* i?J

C,Jt: Sy a Mach Une> the Äbove expressions 
are still valid provided the following interpretations are 
adopted: 

CtS~'x  = O for     /^X 

Co&'x ~0    +o   *& /or   O^X^I 

COS''*.   ~JC-Cäs"(~x) ßt   -I4X40 

COQ''K  =° 7[ fir    X.£ -/ 

sHi      = O for    ^^O 

Cos/t'l   = O    -/o   oo -for     1-^ 

Cosh''*.   =0 fr   -l±X±t 

cosh''x   = cast,'1 (-x) fir  x±-I 

Eqs.   (2.l0a-h) 

It should be noted that only positive values  of   ÄL    need be 
considered since by symmetry 

Vj-fL -ur/L *,/* »,/* Eq     (2.11) 
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Equation (2.8)   is  identical with Eqs.  (3a-b)  of R«f    9«; 

lowed m Ref    25 to insure sufficient accuracy at high values 
divided bva 5xs iwdtrilped H/Hi  U'2'  *** near SSxJs sub- 
t£?ttnlL\l% ^ -and^e^dufer^^^^^ & "^ 

It ti 

'=1 

o 
II 

V pn 
^. / 

■^ 

k y 
y- 

V--4 ^v / 
V': 3 NJ \. / 

V^Z V 
N / 

7* 

A 

Fig.   II.2    Subdivision of Near Boxes 

associated with the small boxes,   there is  a new set of indices 
to   -/%     *     The contributions due to each box in rows    "" 
V f/<-    "K ?*!? b| cf-lculftted using Eq.  (2.8),   employing 
7 = /A      irSfea^ ef   ^    *    The AIC of * large box in roS 

Jrr^nnHW  t:ai?fdKby SUn,,nln8  the contributions  due to the corresponding small boxes.     For example,  one has  for box 

^^'Mj^^Ar Eq-   (2.12) 

of the^TÄS t^rolT T*™J -•"P^^t^^contr^utions 
Ä^McM!; estiT*tte  of the Practical range of appllcabllit; 
of this theory, these rows are confined to  the U?ge box (40 ) 
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ofeTCy J^thS^r ? S,na11 ^«uracy^to^he tabulatW o* ^,0  in the above reference  Thl<» or-mr  ^Q ««,«. -.-~ J i 

much poorer, as will be shown in Section III 4   q  (2•8, U 

Eq- (2.13) 

Exact Formulas 

fWM«i 8 u !u?f wf 11:known relations in the theory of Bessel 
SJ? !iJ?f:^kln8 (Pl:ivate communication; no formal Reference 
yet available) was able to reduce the double integral of JS 
potential function [Eq. (2.1)] into a single i^efral Sith !n 
thlf8^ exH?sed in terms of an infinite serilf  FoUowS* 
Sil of So 'r? i?r r?ductio" ls Possible for the double inte-8 

tabulated
qin(Lf)ot.

Inaf,nUCtuas the AIC 3 are extensively tabulated in Ref. 25 using the approximate formulas of Section 
n«; Si t:he eXfC5 5xPre3slons for the square grid s?s?em will 
KS f ?iPr^ented 5ere' The sa,De matheäatical technique will 
s:ctfiJiynl3CUSSed in connection with ^ Mach grJd^t^,1!« 

113 LiirHllh^x'griSiv-^S-^"10 Influcnce CoefflcWs of 

form FOr ^ MaCh bOX 8rid SySte,a' Eq- (2-4) ^y  be Put ^ the 

<j      ' Eq. (2.14) 

WADC TR 56-97, Part 1      -n- 

CONFIDENTIAL 



CONFIDENTMi 
where 

^'/u  d^f^^TIS^jr^Vr^^-  Here. 
ß  ). This new definition IsJ^   f ^ * factor  of 

flow.the AIC becomes Äniln^l Sachter.SinCe for Steady 

•• Approximate Formulas 

similar6 Jr^nor^^Si?! b^ Sg^^* sessions is 
here.  It is worth notin^thlt ?n £t  n!!d0

not be repeated 
of Mach boxes are so profortloAad th^K1'!' the d^ensions 
from (x,r   )  always cut tEe boxeJal™ %*  5?rWard **ch  lines 
quently; for complete boxes *  /-/8 t5tJB

di«8<m«l• Conse- 

The approximate influence coefficient formulas read: 

— a3-       - ~ 
- KfJ—cosvA. cos{k,   rz*-z\ 4?      "1        /_ 

Eq- (2.15) 
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(x.f )or(n,i/) 

(y,77)or(m,^) 

MACH LINE 

where 
Flg. II.3 The Mach Box Grid System 

yh—  = cas-'J-i 
W 

z 

•£7 

cosh''mil 

*/*-*£.) 

Eqs. (2.l6a-c) 

WADC TR 56-97, Part 1 -13- 

CONFIDENTIAL 



CONFIDEHTML 

ÄllV'Ä/*SecclonII2 ^be
«A«'.h^ 

Eqs. (2.l7a-b) 

1% lie 0nll  ?wX U^) ln row ^^, no subdivision is necessary and the contribution of this box (Region A) is      necessary 

Eq. (2.18) 

Equation (2.18) is obtained from the infinite series expansion 
of the exact expression for (/£ +Lr which la S<SSKII^1 in Eq. (2.29a) v "jo rt-^o      '  wni-cn is given below 

It should be noted here that, although the exact exnr*« 
»ions given by Li for the AIC are'correct8(cf Eq 20. page 18 
f 5'^ u;'.uert:ain approximations for the Integrals, n4cesfi- 
tated by the type of computing equipment available are in- 
adequate.  For example, Li approximates his Eq. (23b) by Eq 
(33).  Consider the exact expression for the steldy-state case 
with constant downwash equal to unity: »«-ate case 

Eq. (2.19a) 

Li's approximate formula (Eq. 33) for K^ s_( reads 
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i.s.^=- f(t-/'-i)fM''6-/'-irli 

Eq.   (2.19b) 

^rXTjgS ?if„?2e ^o^r'sMi^iS aVhe ^ "** and 
singular term leads tSH^f?«      expansion used by Li for the 
firmed by the brfef tablffliirSh^163-    This f«« Is con- and (2.19b): •••"*« oeiow,  which compares Eqs.   (2.19a) 

iw) Exact (- |£) 

Eq- (2.19a) 

Approxireate (- y^ ) 

Eq. (2.19b) 
1 
2 

3 

1.231 

0.927 

0.775 
0.680 

0.577 
0.567 
0.503 
0.452 

Exact Formulas 

'^^s^r;:..1-:^.'^^^'«1!/!.-"1"-» 

<*^-m^)jj'- &(*-&     /t 

4   ^^^^ ~ "^ 
Eq. (2.20) 

»slug.. „Ution «huJ c.n ÄrUi^li.YllV^»«' Bef.  32 

J'0Jo^>f^lr)cosaTdr= «>*£JS- a. 

v^Z2 Ax 
>4. 

=     Ö -fcr *.<*■ 
Eq.   (2.21) 
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Equation (2.20) may be put  in thefom. 

*^-/Ä//^-f;/yi^ 
..        . E<»'   (2.22) 
Changing the order of inteerat^« ««^ 
part, one has        integration, and carrying out the 7- 

Eq- (2.23) 

pil" 4SI SfdRef0n!2 rel"i0-.  E,.  (1),  page 358 aod Eq.  (2) 

o   ir (* V '^dT «   X SM^rsh-'Jt)        fir ^4 

Eqs. (2.24a-b) 
and since l^/^ (^^       for tbis reglon> there reguU8 

(fi+cj--?-J-/<££:+A.)f^k-z)IT/A      \r -'«*       ,u.n 

'*' V '   ^T7  ' Eq. (2.25) 

^sm^ij-n ^Lic1^ sv-T""" ",d t,,e lnt«gr«,d 

- KD-K?,.)      . Eq. (2.26) 
Equation (2.25) becomes 
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Eq.   (2.27) 

P«tial^oSs%S;esecutthb5ach(fif\holds,5rue even ^ the 
definitions are pbserved:   y ^^  Provld«d ^e  following 

S>n~lX= -fkf     ; ~l + K^I 

Sin''*-  = - % , X£ -/ 

Eqs.   (2.28a-c) 

«nd  ynu^LXb|ro2r^Spy:^'fx07)bOX
|
Wlth ?* ""« ^- ?/      can be written as x.fr*M   .J^I.   '' J*",/    **   '    ?*.      ««d 

An exception is ho*   //, x,) t^' x <* »» V-(^i) ,  and v-V/r-^i 
The fol!^1^..^. iÄVef^'oJe^Sf-^^ V'   : 

*     .r       -• 

Eqs.   (2.29a-b) 
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-h 
t—i r "er*- 
-=1 

U       -r 

+ i¥Uk4^¥h*^%iW*   E,. (3.290 
where t0 is the familiar function of linearized unsteady 
supersonic flow theory (cf. Ref. 36 or Section III) and Jzr 
is the Bessel function of the first kind of order Zr Al- 
though, at first glance, these expressions seem rather compli- 
cated, the evaluations are not difficult because of the rapid 
convergence of the infinite series.  For the ranges of Mach 
number and reduced frequency of interest, only the first three 
or four terms need be retained.  Furthermore, the sine functions 
can be reduced to Chebyshev polynomials Sn{x)   (Ref. 33) when 
/X/ ^ /   : 

Sh (zrsm'x) =(-/,' "VCT^-, (**) /*/ ^ / 

Eq. (2.30) 

where S2r,/ (ZX)      are represented by the simple expressions 

S2(z*)~{t*f-t(zX) 

\ Eq. (2.31) 
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c-  Steady-State Formulas 

fonmilas .ndP
a tabulation lor the AI?     For   f co"'3^i»S 

(S.^a-b),  one find. .U tbe"^!^ pa^s %ZA ti fe^ ?£ 

■r   *l     ^      „f E(ls   (a 38,.d) 

The values of    ^?»,^        are given In Table A 2 of Ref    11   fn, 

coelflcl^nt. a^riSd^^ent'of5^0 b\^h",1«d *h« '•>'- 
spondlng onesfor thrsquSe box mmber-  UnUke the ':or«- 

11 ' tELPU^^^r^icth£r?5rS^mlC Il'flum" £S£^ £ 

such a dLenslomes, SSa^tE";^ a! ^Vf«  ^J?"" 
traSsfo^tän"""1"10 ^-^t" (^  1«^. ief^ed^b^fhe 

or Eqs.   (2.33a-b) 

^7 =-;^>-0 
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fro, So) 

?ig. 11.4 Characteristic Coordinate System 

Änl (lS4 rd^ra^ft^oJ^t^oi2 ^-  the *<*™^ gram (such as Region A)   j"        co»st«"t dnwn^oK over a parallelo. 

41/"^ 0~i4(r+s)„ Jze 
*,#)= ~  dL 

■'6       ^O Vrs ^SrSs 

where 
Eq-   (2.34) 

t?~ CO Mai 
W 

Similarly at point (x-S, ^   ),   the potential  is 
Eq.   (2.35) 

drds 
Eq.   (2.36) 
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opera«önerlV"iVe 0f ?      U convenlei,tly obtained from Che 

vrs* o        vST JE,, (s 37) 

^VXllrttJaLKt™ " re8lon A' *ccordln8 t0 ^^ '2-3) 

Sb(r*A> E,.   (2.38) 

StaHarly,   for regions   S   and   C of Fig,   II.5,  one obtains 

^tSf-^S Eq.   (2.39) 

ife., .^ ^/Y^V^^^U 

^ ^ 7 —IF^   df]      Eq' (2-40) 
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(rb+sb, o) 

K«8^ 
^fafic) 

Fig. II.5 Basic Regions Under Consideration for the 
Characteristic System 

The expressions for the three basic regions A ,   ß   , Q 
may be combined appropriately to yield the contribution of com- 
plete, half or quarter-rhombic boxes.  For instance, the con- 
tribution of the subregion C,  (Fig. II.5) is 

The single integrals and the inner portions of the double 
integrals in Eqs. (2.38)-(2.40) can be expressed explicitly in 
terms of Fresnel integrals or Bessel functions.  For instance, 
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uo Vr        ' LJ& J~ J 

Eq.   (2.42) 

tZlaäd1nfiSefi034?f the FreSnel  inte8ral6 which ha- been 

w Jo    ft 

one may deduce the following identity 

Therefore, Eq, (2.42) becomes 

Eq. (2.43) 

Eq. (2.44) 

'*">' Eq. (2.45) 

obtains8108 relations sln'il« to Eqs. (2.21) and (2.24a-b). one 

Eq. (2.46) 

(^^f2
04£6)a«ni^e3t„0^?l^le £r<OT E<"- <^38)-(8.*0) and 

a-  Steady-State Formulas 

Since frequent use will be made of the characterMoH,. «^ 
system for .fdy-flow probl«.. the c£or«,pS'd?Sgefo™i.fr«e 
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now presented.  For &~0       ,  Eqs. (2.38-2.40) reduce to the 
simple expressions 

Eqs. (2.47a-c) 

If the grid numbering system is that of Fig. II.6, the above 
expressions yield, respectively, the following formulas for 
the complete rhombus, the inverted triangle and the right-half 
rhombus: 

Fig. U.6 Numbering System for Characteristic Boxe? 
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p+VH /i+Vi-l JJ f 

C(2) - c(z> 

Eqs.   (2.48a-£) 

The quantities inside the square brackets of Eqs. (2.48a-£), 
i'e-» CA^   ,represent the aerodynamic influence coefficients 
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SECTION III 

APPLICATION TO TWO-DIMENSIONAL PROBLEMS 

study various «»?•«• of thtlrlSlW«       !dvtnt«|*ou«  to 
flow problems,    fn so doing? th^fin^" t0 ^•dimensional 
iaportant Questions which fin be SrJ??!1?8 •re three of th« tlve slmplfclty: ** P*rti«lly «nswered with reU 

(1) edge^b^^ke^ l?J*P:t,#nt * ***** ^«dlng 
is Mce.iit«erbi sjic;?G;F

proxi?5tion which nu.erlc.1 ^.cJM^r^tej^J^- " 
(2) ™?™-X^^^^^ .own- 
(3) XrT% Ä'bJfor: ""***"* ^ong the 

accuracy Is i&e^d" *" •ccePt«bl« ^gree of 

can .^"itSS^b^c^c^o1? tST^'^ the8e ^-^ on. dynamic  Influence coefficlen?«. ^"Utiona  for the aero- 

ln-1    ^esentatlon of Swept Leadln, g^ ^ Broke« T „„ ,, 

with -we^n^'A0"^^^ JT Wlnl ln «^T flow 
enough sothaf the parillel^aSj" lb ***,?**>•* 1»  l«£e 
supersonic.     If the win» ni«i 8 and trÄillng edges are 
(constant angle of «?&?    S^Jf60"8?"1? down^«h%ve^here 
ference at efch polSt  is conJt!n^3%ionlf88 P«""« dlf- 
formula of linearized Jhe^ (S    Sef.   |)8iVen by the exact 

A« « Eq'    (31) 

^ =/^/th^UTSiS'tie6^ gfld t*t± = ^7/^ '     *^* 
grid system Is placed on the^g^sS^^ KM??^1^ 
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Flg- m-1 I^TSÄÄSI rSA--«- 

oi.t.d by tKe brok« ltn"co™>„ld of%i! f J3g •dle i» «PP"»!- 
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Ll'-^l?'for 'h^"«^t1iÄ0.f
t?1

0'1d
t.lonlni1 "^w foiA-f'/n),  the sequence of fcvn*« «f IK J J

10
"* •  Since 

r??eatJ ßth every JeconS lolS i f h?^Wi8e ?olur8 of b<>*** 
(3)  and (5) will be identicaWth th™« 5 vaults for columns 
fore only rows (1) «nd PSf ni-H K? those for (1), etc. There- 
and tabulations'of Se A?6s ("Jbfj '0n/idRend',1V

sin« *»' t^) 
culate the approximate dimension!L-  ' Ref- 31 ' one can c«i- 
of each boX/

PThe «suits for 2' ^e
PrH8SUrf K &t  the ce^Jr cording to Ea (^ i\    ttl ?    Äre shown in Fie. m I  kn 

points is  q' (3'1)' the eXÄCt value of the presfure ^ «t all 

and the dimensionless lift ner ««<♦- A*** 
the flow is per unit di8tance perpendicular to 

4-;- 
where ££ 
Ilthougfthe^com^arJsSn It  th^ ?ni3fviiSuat5,e„;trea^, di"ction. 
of Fig  Hi. 1 wlt:h their l£™  vSlue r^Lfre"Ure8.0n th« bo«8 
crepancies, the average Uft oar u«?«- 22   •PPreciable dis- 
close to the exact.        P  unit span Proves surprisingly 

the wLira%r„%tt"ik1Sfnc1i%J%^P«!?;lc' 'h? Pressures on 
ing edge, a,.d therefore one wad So? ?JIJ!JtÄtlon 0f the '""- 

t^iriift^ siuT^r"011 of the pÄrtui b— /^; 

of th. Ufe. .v« «LMf^?« JE^.-Sh^. 
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No. of 
Chordwlse 
Boxes Col.(l) Col.(2) Average Cols 

(1) and (2) 

(*.c. ZA T:;?X'£? swept Wln8- 

the chordwl.. dl^nsi;*' 5 of rtewl^!7 "8U,,,ed *"  fl11 UP 

S.v.r.l conduslon, c.„ be drewn fron, these re.ult.- 

s£^dS£F-5 - - rov•• 
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suffice. However, for the higher Jrder gene?- 

the second IBOIaent,,, the results «re not ex- 

ÄJ: go6;::*1 to be •• "^ ^?- 
(3, tp^.^r^j ffirjn^n^ie^ 

1« JSi* l?K?!rat,l0n techn1^« 1« the Jectengu- 
iTL^K* TJi« rule essumes th«t the pressurl 
times the weighting fector «ssocleted With each 

box Valu* •C th* c«nt«r c' the 

The pressure fluctuations across the chord era dn*. ♦■« ^u-, 

«DJeien?2t5on1S S^^K^ k ^"^^ **  Improve uJ^ntM* representation.  If one had the tabulations for the AIC« for 
partial boxes, no such step would be necessary  HnJ^-I - w 
tabulations would Involve Sot on?y the ^eJJngU H JiaJaS 
eter, but also would have to account for va?louf tJtl. J  ? 
of the boxes by the leading edg" The JcoJI o? SS"„

0fx!
Ut8 

irilrst^wf^H1; P"hibitlve  Anothe? alter^tl^/^lch 
! oarJlil8hS J« K!hiKl!*"/?f,Cm*bU' l8 t0 t*ke the AIC for a partial box to be that of the corresponding coinolete box 
times «n area factor which Is the ratlS of tha arSa o? thl 
PrtrilUl h0A  t0 that  0f the complete box.  UnSn SoJe? etSdy 
M^n ?n0^fUre prOVe8 fn*d^u*te. For Instince. the coSrlbu- 
isT'/Z-f      Pressure/' at point ^ from area a/'c  of Fig III ] 

u/ge^eä -al'ru^^^^ f0r ?e 

(~ 0. 33Z) (jp±flf^c_\ __ _ 0t /H 
1 A-tea   afo-fc / 

as compared to the exact value of  -0.577   .    This shows thai- « 
simple "area correction" for the determination of JhellC for 
^"i?1 5OXe8  f8 not: "tlsfactory.     Incidentally;  this  type 
of adjustment is  suggested by Li (pages 33-37    Ref    9M       T* 
this correction had been used for thl deterilAation of the 
Jesu^r8 ^ ^ mnd  ^    ln the fl8Ure 0ne «ouirSt^thfpoorer 

^d=  ~/ >     /i=-0 333,33. 
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•re shown in Fla    hll\nAi:tA = ''* '    ™e result8 ^r^' 
•re gl^S S T.bie ni 2.  nd the cor"8Ponding values of ^/ 

Flg.   IH.2    ^"«J Dl-trlbotlon on . Two-Di^n.lonal 
swept Wing Using Mach (or Square) Boxes. 

(/^ ^OJ   tanA = Z/3 ^ M= vS"j 
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No. of 
Cbordwise 
Boxes Col.(l) Col.(2) Col.(3) 

A  /^ 
Average Cols. 
(1). r2) and 

4 -1.340,65 -1.295,86 -1.356,82 -1.331,11 

5 -1.329,04 -1.335,60 -1.331,58 -1.332,07 

6 -1.303,02 -1.356,25 -1.345,27 -1.334,85 

Exact 

i  

-1.341,64 -1.341,64 -1.341,64 
t 

-1.341,64 

  

Table HI.2 Comparison of Lift by Numerical Methods with 
Exact Lift for a Two-Dimensional Swept Wing. 

(A = Oj   tan A ^ z/3 J M ^ Vz) 

rni^JSJ i!-8ew St' t:he *cc«"cie« of the lift* for individual 
columns are slightly poorer than in the case ßcctA ^    but 
the average lift per unit span over the three columns is still 

dimensional wing.) The above and other examples related to 
two-dimensional swept wings in steady flow^Sggest the coSclu^lon 
that the accuracy is essentially uniform for all sweeosSdäliS 

fias ni ? .T??? ff? 8yJtt,M •r€vth* ****'  the results of ' 
ll%lu    1    w J11«2 *l«o bear on the case of the square arid 
A^ the lower M*ch „«»her, *~,z   , for a wing with sSeJp 
.V"  u  ^„/^^A*/.^. the results for the square «id 
are shown in Fig. 111.3 «„fin Table III.3. Evidently thfae- 
curacy is poorer at lower Mach number when square boxes are 
used than that which would have been obtained wUh Sich boxe. 
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Flg. III.3 Pressure Distribution on « Two-Dimensional Swept 
Wing Using Square Boxes. ^^pc 

For the purpose of exemlning the same factors «s «h«v« 
for the characteristic box systeS, consider agalSthl ?«£ 

The Mach lines bounding the boxes are arranged so that th- 

rig. in 4. in this case a serious difficulty arises- th* 
SM' *i"™r%??ß 

ä1WT ir -^«ed "x "cis:^ctthe 
vaiue ot /> f/5*,7o Furthermore, the convenience r«. 
ward this value is very slow as more and more bSxel Se tiki« 
along the chord. This failure may be expuISeS « fjllowl 

WADC TR 56-97, Part 1 -33- 

CONFIDENTIAL 



COKFIDENM 

No. of 
Chordwlse 
Boxes Col.(l) Col.(2) Col.(3) 

Averaee Cols. 
(1)(2T and (3) 

4 -1.087,26 -1.170,43 -1.095,73 -1.117,81 

6 -I.II3.67 -1.153,82 -1.118,43 -1.128,64 

Exact -1.156,65 -1.156,65 -1.156,65 -1.156,65 

Table III.3 Comparison of Lift by the Sauare Grid System with 
Exact Lift for a Two-Dimensional Swept-Wlng. 

0.9/9,50 

Fig.   III.4    Pressure Distribution on a Two-Dlmenslonal Swept 
Wing Using Characteristic Boxes. 

(&^o,   t*nA = 1/2., M= v^e) 
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tS^^uTuS: SSI??1""'815' W'  ">rc"ntrlbuM™V" ^0U8h 

™f S"*«1^-    SimlUr consideration, ISFDOIMJ /%?    M»1"!1" 
•xpUfn why on« obtain, such low vsluss of  /' ikh (3' "f' 
consistently In one direction    fnr Si -SL/.   •. T?1* error l« 

:^di^rÄ-££^Ht€Slr^^ 
in so doing,  oS 1. M tS tSbuUtS JS A^ciTi'S, WiU?•5)- 

Fig. III.5 Proper Repr«»«nt«tlon of the Leadln« Edee «h.» 
Ch«rect«rl.ttc Grid Sy.te« lsi^uf.5 8   *" 
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111,2 Adequacy of the Assumption of Average Constant Downwash 

over Each Elementary Area;  Steady Rotlon — 

, .  ,In •"y of the numerical methods, with the planforms split 
i?J?^fieü,?ntÄry *refs' ? b*8lc ••■«Vtlon Is that the downwash 
distribution over the wing can be adequately approximated by a 
?f*u  fuft*?ly *verafe constant downwashes over these areas. 
Although It Is possible to represent the downwash In each ele- 
mentary area by some simple function other than a constant (such 
as the case of the singular downwash associated with a side 
edge, which will be discussed below), the arbitrariness of these 
functions would require as undesirably large amount of tabulation. 
The degree of precision obtainable using the constant-downwash 
assumption is closely related to the reduced frequency of oscil- 
lation and to the rapidity of variation of local angle of attack 
along the chord, as will now be shown. 

In order to separate the effecta of frequency and downwash 
variation on the accuracy of the results for pressure distribu- 
tion and generalized forces, the study is carried out in two 
steps. First, a straight two-dimensional wing in steady flow is 
considered for which there is a chordwise variation In downwash. 
In connection with this point, some remarks are also included 
for the case when there is variation of downwash across the span. 
Secondly, the results of going to unsteady flow and Increasing 
the reduced frequency are examined. 

For a two-dimensional, unswept wing in steady motion, the 
pressure is a point-function of the downwash, i.e., 

Eq. (3.2) 

The pressure calculated by AIC's at the center (^y ) of any 
Mach box n,m )  in Pig. HI.6 will also be equal io  the 
quantity (-«//£/ ), because all rows &=/,£  contribute 
sero to the pressure /,'   at ( ^). This can be proved easily. 
All spanwise boxea In any particular row z7   ( v & ,)      have 
the same downwash; hence, according to Eq. (2.32d), the total 
contribution of this row to the pressure at {x,*  ) is 
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Fig. III.6 A Two-Dimension«!, Unswept Wing in Steady Flow. 
(Mach Box System) 

^^•("^^."jhSSor1:vlewofEq8'(2i7Ä-b)- Tbe pr"- 

A^<--^ U 
Eq. (3.*) 

A similar proof holds true also for the square grid system 
Equation (3.4; Implies that, for the two-dimensional steady- 
state case, the pressures calculated at the centers of Mach 
(or square) boxes by numerical methods are exact, regardless of 
the type of motion in the choxJwise direction (provided the 
constant downwash over each box is set equal to the value of 
SJi-JTü^ TJ itS "nter)-  Specifically, if the downwash 
hi itiiSV ,ilneaT S ^ ' 8ay (^/^K the pressure/»' will be given by the relation y^ _ (ycfej,). r 

If two chordwise boxes are taken, the pressures at the 
centers of the two boxes will be exactly 

where ^ is the chord.  Using the rectangular rule (shown in 
Sec. III.l to be the numerical integration formula which one 
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'h0aU ""*" ln «—»D. •". obt.l„. tor th, Uft 

This happens to be the exact v«i..«  u 
the moment «bout the leidlng ed^e   Hwever' on« obtains for 

^ 

If.   «ay,  six 

- -as- *?(?) =  -O. (,(,>,£) , 

sures are obtaf^^^J Ä^Ä^^ 

grid s^tä6 ^tSl^^i^r the U,e of the characteristic 
if the wing has no ca2b^y"thi r^S??!^ •loI?8 the ^oJd (ifj will again be exact      Tf /K- 5    r«««lts for the pressures   /' 

according to exact theor?   whljil! ii2Mrly 4,lon8 ^e chord 
characteristic-grid caL^iaSo^vl'a^e^fl^^1^1?^,^ 'he 

EXACT 

SECTION (2)--(J) 

Fig. III.7 A Two-Dlmensional Wina In <?^-.H »i 
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iiÄrt^^ii^o'i^^i^nt^h6 c?nstant do—h — 
bo^one Has ior^l  p^i^^ » (^^(TLlh.^ 

fctory when tfit downwsh vSries^loÜg'ihe chSrS^0" UnSatiS" 

pre.sure .t this cJi"«ltpJS;t
n,id;ä0liS£1'

he^0J/^ find ^e 
downwashcs over boxes    A . f (V^iU If the const*nt 
the linearly varying c«M «i" " ^        8'        ^ *r* taken fra,D 

1/ Zr-/6  '    y-- S   ' u 

SystetB with Control Points at Cente« of Sows) 

one obtains the results for points ( /' ) and U' ) 

These contrast with the corresponding exact value, of -^ 
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and     —a. s r^r 
tolerable. respectively.    Ag.ln,  the error ls not 

Into ÄhoÄeTs'uch ^."t^"-,"'6 ful1 rho°,Mc b<«" 
flow, as shown In Fig    in |        * C"s •re Perpendicular to the 

Fl8- m-9 ÄÄLon» ln steady""- <««""•«' 
.reaÄS8th*«a1

tuhee
8
dr^h

p
e|1„0rr.b0«i    ^   A^ ^ 

sures  thus obtained prove to be «SJ fl^'  f^'   ^  '   the Pres- 
variations when the So?Ion is  steSv      ?5 JÜ  ^f8 of chordwise 
steady,  chordwise  strips (sulh « ^^fh**IBO£J0n  is un- 
rnake contributions  to  the presste Äo/ni   i" F18-   III-9    will 
be shown that a consistent error Lln?^'  ^ r*    Then'   ^ c«n 
"  /^    .   since the do^ishH^v« tKe str?os Hi ?! Pressu" 
those at the downstream edces fsurh -o  „. J .p? Äre tÄken «« be 
average values at  the centlrs if Jh.!! ^^   )  rather th«n 

trol points were emplovld    iV    ?5        strips.     If central con- 
the «id-chord poiSS olboxii   i  " J"* took th« downwash «t 
could be proved,  but one wouU thel? have t^t^Ute^h^'8 

for an odd^shaped «re« such «s    **££ £ / Tf "        I AIC 

freonenc, hase. on ho, .la. u J^ „£ ^Tt. 
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Sow/!f0fia5ediWi5h fakin? lower polnts r*th«r th*n central points AS control stations Is not serious. 

.'^ I!5fn * 5uree"dj7fn8lonal win8 h*8 «wept leading edges or 
litllltF'tk S!r5iWlU f?i8t h*lf:rto«»>ic boxes with onS edje 
thlf if if^^f fi?W- Si?C?J

the for«8olng analysis has shoSn 
nädi^iii ?e8iKabif t0 divide the ^omhic boxes by cuts per- pendicular to the flow, quarter rhombuses will appear at such 
htlll S!?SVht AIC,««" b* tabulated for quart« rhombic 
Intti** In JhiMK8erlo?i8idi8aivant:Ä8e' slnce the nuiDber of 
tyltm * four time8 that for • **ch 8rid 

nn^ -^-^ th^.fyt In view,  the characteristic grid system Is 
use SniTr^d/«? KnerÄl *PP4catlons.    Some Small further 
«f „uiiL?6 "»«»^ o' the system, however.   In special cases where 
no chordwlse variation of downwash exist. 

hnn/JLMüf?' ln?tr"ctive example,  consider linear and para- 
??li    ??T TSt0n8rln t?™**? ^ro8S  the 8P*n of * finltewlng (Fig.  III.10).    For the sake of simplicity at this stage. 

ß 

I 4 
^ 1. 

dy 

ß 

/ A 

Fig. III.10 Notations for a Finite Rectangular Wing in Steady 
Flow with Spanwise Variation in Downwash 

attention is focused on the portion A of the planform which is 
purely supersonic and uninfluenced by the wing tip Of interes? 
are the downwash distributions 8  P     interest 
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unffc^n-« f"6 ""^ e^si1^ prove that the steady-flow lifts per 
unit^span for a strip ^ 1„ Region A   f-y. ly**)   1x1*1*- 

So^was^'äe dl^n^f™?"' in tlie Case of linear variation of ehmTf«H f. dimenslonless pressure is constant along the 
ceduref ti! ^L'0."^   Usin8 any of the numeric! 1 p?o- 
Sill bJ'exact7JSÜÄ?J Pr«sures and the lifts per unit span 
Tno J!J  S (  is is

L
not true when the wing has a swept lead- 

ing edge) .  However, when the downwash distribution is para- 
bolic none of the numerical methods yields the co?rectP?"ults 
Uft 5? Jww-^ a}??8 ?he chord' ™d  hence the aslociatld 
sefn ?rom Tab^^rT1!1 11*°  d^late fro,t, the exact-  As may be 
by ?akiSe JSffLfi«; i tKeSe discrepancies can be alleviated oy caking sufficient number of boxes along the chord. 

m 
o 

(1/6) 

(1A) 

(1/3) 
(1/2) 

(2/3) 

(3A) 
(5/6) 

Lift/ur)if' sjbuxn 

4 Ctiordio/se  MaJ) ßoKCS 

-0.139,95 

-0.202,45 

-0.389,95 

-0.702,45 

*"/*/' im r   sA>Q,n 

-0.151,57 
-0.179,34 

-0.262,68 

-0.401,57 
-0.596,01 

-0.846,01 

Exa.clf' 

-0.166,67 
-0.194,44 

-0.229,17 
-0.277,78 

-0.416,67 
-0.611,11 

-0.729,17 
-0.861,11 

Table III.4 Comparison of Lift Distribution According to the 
Mach-Box Scheme with the Exact for the Purely Super- 
sonic Region of a Rectangular Wing in Steady Motion 
(Downwash Varying Parabolically Across the Span) 
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111,3 Adequacy of the Assumption of Average Constant Dgwnwsh 

Over Eacn ^leraentary-Ärea: Unsteady Hotion     " 

M.«V, K 
In ^  Prevlou8 section, it was shown that the square and 

^ b^ 8ri? syften,s yield the exact pressure distribution fSr 
a two-dimensional unswept wing in steady motion, regardless of 
the variation of downwash across the chord.  In this section 
the same problem will be studied in unsteady ™tlon  U follows 
from Eq (2) of Ref. 2 and Eq. (2.3) that the amplitude of pres- 
sure difference between the upper and lower turfaca «t ( x)Pof 
a two-dimensional straight oscillating wing is       *  / <« 

where <Är  is the downwash amplitude, and 

17 Vß ' Eq, (3.6) 

Sd..u-    iS 5hl?e?pel .function of the first kind of order zero 
If the chord 2S-   is taken as the reference length,  Eq.  (3.5) bi- 

Eq. (3.5) 

Eq. (3.7) 
Here ( x. ^ ) are dimensionlcss chordwise coordinate». -A   u 
the reduced frequency based on the semi-chord, ^„tAr , r-j 
is the modified frequency & = ztrf/p'-  and '        ^ 

Letting -x.-% = u.    , on» has for Eq. (3.7) 

-   &e-<*Xjr(Mx)], Eq. (3.8) u 
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denJulS i^VpoSt')"" Wl11 be "»'•"•"" <   «    ■>.l„g th. 
(1) 5^,= z4eLU3 .'.   &,/{/ = 2c&        (vertical-translation 

oscillation) 

(2) Zz'Ztee .-.    ur^fibH) (pitching about an axis at 
the leading edge) 

x   '      J /t/=A2^^Äy( parabolic chordwise bending) 
For theJlrst motion,  one obtains  from Eqs.   (3.8)  and (3.9a), 

= -Zoi {Zckxf0 (M, u>*)+el**J[{%t)) 

Eq.   (3.10) 
where    j£ ^ ax)     is the zero-th order of the well-known function 

o'e ¥-S^^ Ä - or  /v .♦ Similarly, for the motions (2) and (3), one has 

£= x£(M,iSK)mzxl-SL/ix^j t-x^uFx)!- UW saj 

-f X%(M^x)luAl) Eqs. (3.l2a-b) 

•An extensive set of tabulations for the /.-function is current- 
ly being prepared by the Bureau of Standard for HACAaSd it 
wiU appear shortly as a Technical Note *    it 
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Eq. (3.13) 

tributioÄ of the ■trio y ?f0r u«J 'A^ y1*1?* £or tht con- 
point ö P ^ (£or unit "^ ) to th« pressure at 

Eq. (3.14) 

1 
«r  2 

\ A 
/ 

~r 

)X 

2b(x- 
4 

\ c  
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f 
3 "■ ^"—■ 

i 

\ 21 '«! 
21 

/ 
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0 ' 
— 

  
- 2 

1 
i 

Fig. III.11 Illustretive Example: the Use of the Mach Gr4H 
System for a Two-Dlmenslonal WlSg wi?h VariStl«« 
of Downwash Across the Chord variation 

If the strip A   is taken to be the row v  of the Mach box grid 
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Eq.  (3.15) 

on. g«, f„r th, toJil'^JiS ^pS.,^ -Otlo"s (2) "- (3), 

H*r»      ÜÄ- Eq'   <3-16) 

so EV  a.^V^V^^^r^ " »"-^ of strip ST 
parameters assume the values S *" exaiDPle.   ^C the    P    ' 

£ = 0.3,  a 99     a„<J  M=/.Z 

The  lowest Mach number for wh^h «-u    w 
?SLte? '? W^ ^tSfactor^Jw   ^^"f1?^ 'D60^ ^  ex- 
computations  since conclusions dr*wn~fCV     )  uS  taken  ln these 
«re expected to apply at hlSir SIS 5, rKSUCh ?rlti"l cases 
conservatism.     ThepJessure dist^^?o"beKS With Än elen«nt of 

plotsfeVeral  inter^"n8 conclusions may be drawn from these 

for^"2^^^^^ * fewchordwise 
ctr^oLsedn^o^p^^i^^ 
than those for mot 10^(2° "suits are slightly poore? 

lrl>>M^hi8her. fretIuencles (around     & = o 99\    ru tributlons using six boxes AB«<»ra~>      0*?i>   the pressure dis- 
number of boxes  will y?e?d ClJi Doo? ;«MPtfble/  Jat a  low« 
not shown on the plot for tEi£läiS2|f"fi,n?ie? ^he Utter are 
going computation was made! it JJs fl^il^'    ?*** th« ^re- 
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EXACT 

SIX CHORDWiSE MACH (or SQUARE) BOXES. 
EXACT EXPRESSIONS FOR AICS 

THREE CHORDWISE MACH (or SQUARE) BOXES 
EXACT EXPRESSIONS FOR AICS 
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Fig.   III.12    Real  Part of Chordwise  Pressure Distribution  for a 
Two-Dimensional  Unswept Wing. 
(Motion: £=2t-Keiuit

/ £ = 0.3, M = /.z) 
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EXACT 

SIX CHORDWISE MACH (or SQUARE) BOXES 
EXACT EXPRESSIONS FOR AlCs 

THREE CHORDWISE MACH (or SQUARE)BOXES 
EXACT EXPRESSIONS FOR AlCs 
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CHORDWISE LOCATION -gr 
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Fig. III. 13 IiBaglnary Part of Chordwise Pressure Distribution for 
a Two-Dimensional Unswept Wing 
(Motion: z~ zt-xe^* A.=o.s, M=i.z) 
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Fig.III.14,   Real  Part  of Chordwise  Pressure I 

Dimensional Unswept Wing.(Motion 
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Fig. III.15. Imaginary Part of Chordwise Pressure Distribution 
for a Two-Diinensional Unswept Wing. 
(Motion: z*24**eÜ4', £»0.3, rn=i-z) 
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Fig. III.16 Chordwise Pressure Distribution for a Two- 
Dimensional Unswept Wing. (Motion: £=2/re'"f^A55>/>f-/-*) 
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Fig.   III.17    Chordwise Pressure Distribution for a Two-Dimensional 
Unswept Wing.   (Motion: i=£/ifx^^oZ-^ÄÖ.59 A» = /2) 
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this quantity was too large at the higher value of k .    Hence, 
calculations were carried out for the case W^/.s ,£= 0.99   ; 
but again the pressure distributions were accurate to about the 
same degree as those for W-t-z       , ^ = 0.99   .  It has there- 
fore been concluded that the primary parameter is •&,   (which 
enters, the formulas through the expression for downwash) rather 
than £, . As ^ increases, it appears that the problem requires 
more and more chordwlse boxes, regardless of the Mach number. 

A more meaningful criterion for selecting the number of 
boxes is furnished by a comparison of the generalized forces 
calculated by any of the numerical schemes with their exact 
values. Using the rectangular rule for the chordwlse integra- 
tion when Mach boxes are employed, the lift and pitching moment 
about the leading edge per unit span were computed for three 
combinations of Mach number and reduced frequency. These are 
compared with the exact results in Tables III.5-III.7. 

Z Boxes 3 BOKCS G Boxes ExeLct 

1 
k=o.3, 
M=1.2 

-0.204,96 
-0.352,521 

  -0.190,31 
-0.351,511 

-0.188,46 
-0.351,391 

k=0.99 
M=1.2 

-0.378,43 
-0.645,691 

-0.075,59 
-0.918,841 

-0.064,91 
-0.923,601 

k=0.99 
M=1.5 

-0.070,43 
-1.221,551 

-0.046,62 
-1.247,611 

-0.044,08 
-1.250,291 

A! 

k=0.3 
M=1.2 

-0.214,77 
-0.264,561 

-0.202,87 
-0.250,811 

-0.200,73 
-0.249,321 

k-0.99 
M=1.2 

-0.259,38 
-0.741,941 

0.103,74 
-0.837,671 

0.107,31 
-0,823,981 

k=0.99 
M=1.5 

0.181,12 
-1.068,101 

0.171,80 
-1.106,431 

0.170,88 
-1.110,701 

Table III.5 Comparison of Lift and Moment About the Leading 
Edge per Unit Span, Computed Using Mach Boxes, 
with the Exact Values for a Two-Dlmenslonal Un- 
swept Wing Oscillating in the Motion ^s/^^^ 
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k=0.3 
M=1.2 

k=0.99 
M=1.2 

£ Boxes 

-0.685,24 
+0.121,361 

3 Boxes 

k=0.99 
M=1.5 

k=ö, 
M=l, 

-0.574,85 
-0.083,601 

■1.029,47 
-0.143,771 

-0.678,70 
+0.102,551 

<o ßoxes 

-0.674,72 
+0.091,081 

-0.591,53 
-0.461,831 

Exact 

-0.673,74 
+0.087,371 

k=0.99 
M=1.2 

k=0.99 
M=1.5 

-0.564,26 
+0.093,191 
-0.670,76 
-0.224,401 

-1.085,55 
-0.169,421 

-0.550,37 
+0.069,381 

-0.762,62 
-0.670,851 

-0.542,43 
+0.054,851 

-0.583,42 
-0.478,831 

-0.760,97 
-0.672,671 

-0.553,75 
-0.689,451 
-0.711,45 
-0.962,881 

Table III.6 

-0.540,07 
+0.047,931 
-0.544,40 
-0.693,601 

-0.711,63 
-0.967,251 

L 

if* 

Comparison of Lift and Moment About  the Leading 
„?fÜ ?ur Hnit Span'  ComPuted Using Mach Boxes, 
with the Exact Values for a Two-Dlmenslonal üA- 
swept Wing Oscillating In the Motion z = 2Sxe^ 

2 Boxes 

k=0.3 
M=1.2 

k=0.99 
M=1.2 

M 

(f>' 

k=0.99 
M=1.5 

k=0.3 
M=1.2 

-0.793,41 
+0.171,561 

-0.455,29 
+0.097,601 

3 Soxes & Boxes. 

-0.801,59 
+0.145,491 

k=0.99 
M=1.2 
k=0.99 
M=1.5 

-0.905,11 
-0.514,611 

-0.964,13 
+0.196,401 
-0.606,44 
+0.082,721 

■1.146,76 
-0.796,561 

-0.805,69 
+0.129,751 
-O.628.78 
-0.227,831 

£xacir 

-0.807,42 
+0.126,871 
-0.622,44 
-0.264,051 

-1.002,53 
+0.181,001 

-0.813,48 
-0.370,171 

-1.024,60 
+0.171,111 

■0.814,23 
-0.386,471 
-1.049,32 
-0.580,761 

Table III.7 

-0.810,32 
-0.378,101 

-1.036,06 
+0.167,971 
-0.804,46 
-0.429,821 

-1.050,65 
-0.593,841 

Comparison of Lift and Moment About the Leading 
5ffh ?Hr rnit.Sf,aV'  Co,?Puted Using Mach Boxes, 
with the Exact Values for a Two-Dlmenslonal uA- 
swept Wing Oscillating In the Motion Z.-aiJP"* 
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The following points my be deduced: 

(1) At noderete &s («round $,=0.3) end for all three notions 
where the pressure distributions «re satisfactory, the approxl- 
taate lifts and moments deviate somewhat from the exact, but im- 
prove markedly as the number of boxes is increased. This might 
be expected because more and more pressure points are available 
for the chordwise integration. 

(2) At higher &'$ (around &=o.99)t  and for all motions, at 
least six chordwise boxes are required for tolerable accuracy. 
For W'l-z.  , the integrated lifts and moments are poorer than 
those for M^t.s   at the same -ft This fact is primarily 
due to an insufficient number of chordwise points for integra- 
tion of the sinuous pressure distributions shown in Figs. 111.16 
and III. 17. For M = i.s   and /^- 0.99  , the pressure distri- 
butions are less sinuous; hence one obtains the better accuracy. 

So far only three types of motion and the two lowest-order 
generalized forces have been considered. If higher-order 
generalized forces are required, which is often the case in 
flutter analysis, more than six chordwise boxes are needed. 
The same requirement must be Imposed if motions more sinuous 
than (2) and (3) are considered. On the basis of assuming that 
the "half wave" of each such chordwise mode is adequately repre- 
sented by a second-order polynomial, one may extrapolate and 
accept the number 6 as a minimum for chordwise boxes per half 
wave of any chordwise mode. 

The case of the three-dimensional wing with all edges 
supersonic (e.g., the wide delta) represents only a slight ex- 
tension of the case of the two-dimensional airfoil discussed 
above.  Pines et al (Refs. 21-24) have demonstrated that such 
wings can be treated with satisfactory accuracy by the AIC 
methods. Two examples of this type, one involving steady 
motion and the other oscillations at a moderate reduced fre- 
quency, are presented in Section V.  From examination of there 
calculations, in conjunction with the various two-dimensional 
cases given above, it has been concluded that a conservative 
rule for wings with all supersonic edges is that a minimum of 
eight boxes should be taken along the midspan chord. This 
minimum should be increased if ehe wavelength of the mode of 
chordwise deformation becomes too short. 

The rule involves a slight upward revision of the re- 
quirement of six chordwise boxes recommended for purely two- 
dimensional cases. This modification is introduced to account 
for the possibility of added errors which may arise due to 
spanwise deformation of the finite wing, since these errors 
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may be additive upon those due to chordwise deformation and 
already reduced to acceptable size by the six-box rule.  Another 
consideration affecting the decision to recommend eight boxes 
is that the Increment in computational labor caused by going 
from six to eight is not severe. 

111•* Comments on the Accuracy of the Approximate Formulas for 
ttie Aerodynamic Influence Coefficients. " 

The approximate formulas given in Section II for the 
square and Mach-box grid systems must be investigated for their 
precision at high values of f,      . The most extreme case in 
the tabulations of Ref. 25 (4=^ M^AZ)  will be tested. For 
rows v - O    and / , some caution was exercised in Ref. 25 for 
high values of /C ; a subdivision technique which splits the 
basic square area into 25 smaller squares was introduced to 
improve the accuracy. However, for rows U* 2    , no such step 
was taken, because it would entail a much lengthier set of cal- 
culations .  One can determine the order of accuracy for zrÄ & 

■&,*<?.¥   and M~f.2    by using a subdivision technique.  For in-' 
St:u!}?eiJ

i! ?he lÄr8e box iTmZ   »>z"/ (F18- II1) is taken and 
subdivided into twenty-five smaller boxes, one has 

Since tabulations at this Mach number are also available from 
Ref. 25 for k^cos   ,  this check can be carried out very simply. 
Table III.8 shows the comparison of the AIC's for 4=äV , 

W~/.Z     ,    &= z     given in Ref. 25 with those calculated by 
Eq. (3.17). 7 

It is seen that all entries in the table are appreciably 
different from those computed by the subdivision method. The 
latter set, being obtained from a finer grid, must necessarily 
be much closer to the exact values (this will be proved later). 
A similar calculation could not be carried out for all boxes 
(v~3j  ,  there being insufficient entries in the tables of 
Ref. 25. Although a direct comparison of the values in the 
first column of Table III.8 with the corresponding exact 
values would have been preferable, such an undertaking would 
have required the difficult task of evaluating the AIC's from 
the exact formulas for a square box. 
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*z.* + lI*s 

/?, , + L I, , 

^cI2Z 

^'^ 

****LTV 

From Ref.   25, 4=^ 

-0.091,77-0.004,241 

-0.107,66-0.036,251 

-0.210,49-0.262,811 

-0.060,88+0.077,151 

0.176,40-0.016,241 

With Subdivision,  Using 
Ref.   25, ^ =,?.os, Af=/. 2 

-0.099,30-0.003,141 

-0.117,82-0.037,881 

-0.236,11-0.258,861 

-0.020,95+0.045,891 

0.153,12-0.011,671 

Table III.8 Aerodynamic Influence Coefficients In Row 
v=2 Calculated with and without Sub- 
division. (A,= O.t, M= 1.2.) 

<« a -?
ther t:hÄn co,nPare the accuracy for the Individual boxes 

in a given row, one can more easily study the sum of the AIC in 
this row. As was pointed out in Section III.3 the exalt sum 
?3 14) CO?Äi?nQ 0^ ^.^ bOXeS in * "« is givenCJyS^. Kl.\*).    Table III.9 shows this sum, computed In three dlf- 
ferent ways, and Indicates significint d^vl«lJns for row! 
in ^««^ ~        •t: Sis VÄlue of ^ •nd M- With subdivisions in row -u^z    , the accuracy Improves markedly. 

Additional calculations for lower values of ^  at this 

maximum tolerable value for A,    is around 0.00  if one Is to 
obtain adequate estimations of /£   .    At higher Mach numbers, 

«ft'h« ZZA^I  inCr!aSe5 I0*******'  b«t In all cases the value of the modified reduced frequency should be lower than 
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IT-1 f * *.3 
Eq- (3.15) 

^ 

-0.794,33+0.382,331 

+0.650,46-0.254,421 

■0.329,69-0.318,751 

•0.021,63+0.312,311 

0.116,31-0.307,011 

With Subdivisions 
(Table III.8) 
 äk  

Exact [Eq. (3.14)] 

-0.360,07-0.350,351 

-0.796,26+0.382,621 

+0.651,92-0.251,391 

-0.364,61-0.352,961 

+0.009,21+0.302,531 

0.131,36-0.265,071 

Table III.9 The Sum of the Aerodynamic Influence Coefficient.« 
P~      in Rows Z-o,   ...   t^      for  ^ Av 
M=/,Z ,  Calculated by Various Methods 

It should be pointed out that the majority of the tables in Ref 
25 fall within the limitations of Eq. (3.18)  This statement 
lT.t\l0l\^iy^ ****?*  to mos? aituil'cases of nStte?! 
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cul^8

a^ii0Kbe bÄSe? 0n ^he ««ch-bwc scheme,  no serious diffl- culty should be experienced in adapting the exact formulL £> 
high-speed machine computation. tormulas to 

* n 2ne«furtller min°* Point should be made reaardina the tmMmm 
of Ref.  25.    When the Mach number is less than 1 ?    th« !«J!?; 

tSeS th' fo^rd1^0?."'* ""«i»l'>S joint" but «Ul b.-      ' 
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SECTION  IV 

LOADING OF PLANFORMS WITH SUBSONIC EDGES 

the wiSe deltaevJn«)PUt;iy„'UperSOnic  llftin8 surfaces (e.g. 
influencerbrany «e« offPthfS^e%0n the PU^orm are not   ' 
Planfom. has^uSson" ed|L    thSirfer0;    «owever.  when the 
the   *-* -plane adjacent  to sucSpL!«1SK.diSt^bed re8ions of 
sure distribution on tL^V      ed8es which *ff«ct the pres- 
lowing Ewi?d"0coScapJe(Sf %8? S*??^ff.tbt Pl4nfo™     Fol- 
permeable ''diaphra^may be'infrJ.ifS'^10!?8'   thin'   im- 
diaphragm is assumfS to coinciSe S??h f ^ these

u"Sions.    This 
therefore it cannot alter fh«?f      th a 3tream sheet,  and 
sure difference Sfan^poin^be^n^ts'Sn1' HSU^aln a ****' 
faces.    The combination of the n^J? zl    ^ fnd bottoin sur- 
« new surface,  w^Jch is purely SiM«Sl!n?Jh; di5frf»» fo™s 
washes are known on the planfora ^n^Ju nd for whlch down- 
zero over the remaining «e2      THP^KI thVressure J"^ is 

strengths of sources aSd«ink. Rt pro]?1&? is,to find the 
distribution)  which mist be DUIS S"^11!?"? the downw«sh 
there the boundary c^dition^? zfro nr5!0

diaphr^^, to ••"»fy 
accomplished,   the pressure di^rfS,T^PSSUr^-    0nce thls  1« 
then be d^ined^8?^ ~y 

used^SlJf^on^f JEPrz^ SUCh aS the AIC ~th^ ^  to be 
diaphragm re|^n L necessarll^U™?^ "^ition on the 
points of this  region      A? other nofnJc  5 *  flnite nun,bür 0f 
in general be ZerS      There Jre £w£ i?te™^PreS|Ures w111 not 

the effects of this approxiMtior    rJf Sf1^6?  for ^nimizlng 
number of boxes on the dij.«?!™      ^v e flrst  is  to take a large 
boxes but aL^0SefS?eh^5hrSwnwIsS tlrllti^ 1° ^ ^ 
cW^nSPeCially adJUated to ^erSithartlhar^ro0rperrenS^ebOX 

»ibu^thodsi^th^^p1:: tL^nVT^v0 T^st poa- 
first, the particularly simnlen^S * subsonlc edges.  At 
parallel tothe floS will b? ftS5?ed  21/ 

subrni^ ed8e 

leading and trailing edges wirbeiiscufslr^n3^«?"^ stances, the illustrativ-« «v-™,i^ u-«-scu8sea.  m most in- 
flow.  The main conclSsions J2ihfHCOn3iSt of case8 of ^^V 
unsteady ««tioS, hoSever lor Je«^^!6^6^^ t0 hold for 
in subsequent piragraphl'    rea8on8 «Iven from time to time 
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IV.1 The Side-Edge Problem In Steady Flow 

Consider a rectangular wing in steady flow at a constant 
angle of attack oc (Fig. IV=1).  The aspect ratio is sufficient- 
ly large that the Mach lines ^/ and cd   intersect behind the 
trailing edge (this is not a necessary restriction on the 
method of approach). The exact dimensionless pressure dif- 
ference at any point on the "mixed" region B.    is given by 
Lighthill in Ref. 39 to be 

^^f-t^-o-m- 
Eq. (4.1) 

At any point in the purely supersonic region A ',  one has the 
Ackeret result 

y3  4* 
?-, _ - 1 

Eq. (4.2) 

Fig. IV.1 Illustrative Example for the Treatment of a Side Edge 
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Because of the manner in whleh /* -   J** P    J 

Section 111) Is •liSn.t.d  I? .ff !:h* u« •« 'hts syst«. («e 
being able to satlsfv th. ;.J -•lso 0"ers the «dvantage of 

bo»? .„ .,3>Miduir^din it?. cihvorrsfhf «•s1
t«iLtlc 

Flg-W2 i^dTs0%M^^Ls^rAnf
gVo^^1"W1-- 

s^llon1",'"0 dlfferent ^s' based 0" 'be following two .,- 

(1) The diaphragm region is replaced bv the rhftmK„o00 
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(2) 

Procedure I; 

re,pectlvely.  .„„ Ut ^ ^^pSJifi Sl^&.t cc^r  ' 

"ution    The COn<,ltlon of "" P""«. .t point ^   yl,ld. 

^'=^roc^^c^ 
or 

Eq.  (4.3«) 

7^- Ik.(*LrC3) 

Eq- (*.3b) 

«here the AIC's C' «re those of Eqs. (2.«8). The .«. con- 
dition for p^int (z)   leads to 

Ü* / «r r(3)   ^(3)   S-M \ 

^^t^--
h----J--^lut1o„ ,„ the ^w..^ 

(/^   , r^; successively eaual to ™r«  /M Z P5®ssu5es «t 
need not be considered sin?« JhfS AI     \ ^V*  that boxe8 ?-'<> 
«t the discrete points'olJStere^ ^  S^/^I" ihe ?""«"• 
«re determined, the pressure at «nvnJ?^ these ?ownw«shes 
calculated by simple^S^atfof o? ^reffe^s^f^fri118 Ca? be 
the forward Mach cone emanatln» f».«™ ^   ^u of f11 boxes in 
are shown in Table TV i J«^  8  0? ^ '  The values of A 
to Eq (4.1). lil leciracv SS?n-hiWiJh the eXÄCt «ccorTing 
factdry. As the number oFboxpt ?! }e ls no5 re8arded as satis 
prove somev^at.bSrtSe 2onv«gence isCra?her'sf

he rTU? i^,- 
stance. if eight boxes had beS^e^i^teJS of^our'0^1"- 

would have the value of -.V^2  (^  vith four ioxes) 
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or square box« £ ^ d^ÄL^rM"1 Hhen Ma':h 
in the present calculation i« rh*? "ason £or the discrepancies 
downwash over each aifphrag^i box is not^d^V1011 of constant 

Procedure (l) Procedure (2) 
Dovmwash 
Singularity 
Included 

Exact [Eq. (4.1)] 

WADC TR 56-97, Part 1 -64- 

CONFIOENmi 



CONFIDENTML 
Procedure 2: 

fcU j1' is known from Lagerstrom's exact solution (Ref ko)  that 
the downwesh over the diaphragm region exhibits a square-riot 
singularity as the side edge is approached from th^outsidrind 
vanishes on the forward Mach line W   .    The effect of this 
singularity can be approximately accounted for.  In Cartesian 
coordinates, the receiving point is (x,*)  while ?* are the 
running variables representing the inf l4ic^ poin/( s" Fig 
IV.3). A characteristic coordinate system ^ s with irigin ft 
(i ^luis ?eJined such that the axes ^ and s are, resoectlv- 
ely. the right and left forward Mach lines emanatin| fr^ 

*£ L Eqs. (4.5a-b) 

If the receiving poir.t ( x^  )  lies on the side edge where 
dfaphra^gTS; ^^ ^ ** dOWnW*9h dis^ibut:lon on the 

fö v^7 (   ^ ^ Eq> (4 6) 

Eauation (4.6) exhibits the proper singular behavior at the 
edge and vanishes on the Mach line -^c ( r= r,  \.    Here 3    is . 
typical length" and ^ is the "strength" of the do^wafh.  If 
the receiving point is on the diaphragm region, Eq. (4.6) be- 
comes ^ '   ' 

^ s/r-fs-ty Eq. (4.7a) 

and if the receiving point is on the planform. 

•Note that In this section the coordinate« ^s are dimensional in contrast to Section II. «inwnsionai, 

H!wrJ?nve"ienr' 'his typical length d   is taken in subsequent 
J Sich box' '   0 * rhoinbus or half tbe diagonal of 
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where the notation Is that of Figs. iv.4. 

Eq. (*.7b) 

Fig. IV.3 Characteristic Coordinate Sv<t(-om f^ ^    m 
of the Side-Edge DoÄh sInguTar?tythe Treilt,n€nt 
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Wr 

ALONG   THIS  SUBSONIC  EDGE 
r + s0-sso 

DOWN WASH = -^1.. r'~r 

/d"yrts0-s 

Vn-ro 

ALONG   THIS   EDGE 

r-r0-s=o 

Figs, IV.4a-b. 

DOWNWASH = -^i . r'    r 
/d~ 7r-r0-s 

0,0 

Fig. IV.4b 

Singular Downwash Distribution Near a Side Edge 
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One can easily prove by direct substitution of Eqs. (4.7a-b) into 
the characteristic-coordinate form of Eq. (2.3) that the as- 
sociated pressure influence coefficients are given by (for M = O  ) 

w*     <T    H    7*'   ? Eqs. (4.8a.b) 

Returning to Fig. IV.2, the following downwash distribu- 
tions are assumed: 

(1) A singular downwash distribution ^ over the 
region bounded by «<*c . Additional 

singular distributions uqi ,  ^ over the 

regions a-('U  and a(s)e   ,  respectively. 

(2) Additional constant downwasbes ^ , ^ «nd 

«g: over boxes Z  , « and ^r . 

One obtains from the zero-pressure condition at points 0)-(6) 

Tr J     rr  /r^    ^<3f   ^("   r('>    ^Lz)    ^u> \ 

] Eq. (4.9) 
i 
i ; 

as in Procedure 1 a sequential solution yields the required 
values for the assumed downwasbes.  Incidentally, this sequential 
solution is equivalent to the inversion of a triangular matrix 
as shown by Pines and Dugundji in Ref. 2*, if the equations are 
cast in matrix form. Once ^ t..,<^,  ^ , are determined, the 

pressure at any point in the mixed wing region can be calculated. 
For instance. 
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Eq. (^.10) 

The pressures obtained In this manner are also shown In 
Table IV.1. A marked Improvement Is evidently achieved when 
the singularity of downwash Is accounted for, even though the 
zero-pressure condition Is satisfied at the same number of 
points on the diaphragm as In Procedure (1). 

Next considered Is the Mach grid system for the same wing, 
with six chordwlse boxes. As may be seen from Fig. IV.5, two 
difficulties arise: 

(1) The pressures cannot be made Identically zero at points on 
the side edge since the control points (centers of the nearest 
diaphragm boxes) lie off the wing; 

(2) If Procedure (1) above Is to be followed, no disturbances 
can be assumed In the triangular regions -Z) unless additional 
tables for such regions are prepared. 

Fig. IV.3 Mach Grid System for a Rectangular Wing in Steady 
Motion at Constant Angle of Attack 
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Table IV.2 presents the pressures at 

boxes calculated according to Procedures ( the centers of the 

Table IV.2 Di^ensionless Pressures on the Mixed Region of a 
Rectangular Wing in Steady Supersonic Flow at a 
Constant Angle of Attack.  Comparison helZetn 

thrSaLeSB^SMShd
0S
alCUlati0nS by TWO Fo™ of 

Procedure (1) Procedure (2) 
Downwash 
Singularity 
Included 

Exact 
fEq. (4.1)] 

Hi -0.608,17 -0.445,87 -0.391,83 

p;2 -0.410,57 -0.326,22 -0.295,17 

"h -0.352,90 -0.248,31 -0.246,75 

Hk -0.300,01 -0.233,31 -0.216,35 

"Is -0.274,05 -0.191,69 -0,194,98 

Pi8 -0.704,83 -0.599,84 -0.564,09 

»ig -0.525,33 -0.475,17 -0.454,37 

Pso -0.460,54 -0.391,79 -0.391,83 

P21 -0.401,99 -0.362,09 -0.349,80 

Pas -0.753,25 -0.669,62 
1 

-0.640,98 

Pk -0.590,81 -0.552,19 -0.535,44 

H? -0.525,88 -0.470,63 -0.471,02 

P32 -0.783,65 -0.712,07 -0.687,49 

P33 -0.634,79 -0.602,35 -0.587,93 

P39 -0.805,02 -0.741,43 -0.719.56 
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h(ä iÜi  '  rJther 'h*« •? ?h« aldrjd8il0niJe
hS?Jn£8 L\'&   ' had been used at the side edees w7*-h 5:«Z        hÄlf MÄch boxes 

if boxes were half boxes? thf «^ f .Cent:ers on th*t edge (1 e 
proved.    However,   the llJtera?r^i±n.C?uld hÄve «>•« Imi    •' 
from the practicil standpoint 8^nt is "*** Convenient 

calcuU%ldh0^oecSui?ete(diretxhtJbfttie ^  l2 T*bl« ^.2 vergence,  «sWe chordwisi box«^rf t^^^J^ter con- 
by the characteristic-box Sethod ken'  thÄn those fo«nd 

tainS
B^1Sl1Äe8fÄ:8

0fforqthe(Si1)  Ä?d {* 2>'  ™ ob- 
Pitching moment «bSut SS    J -axis Lr ^fionle8S lift *nd 

half-span (See Fig.   iv.1):   ^ P        nit sp*n for th« left 

of ?K p^s^S! cSrlÄ^cÄH* ^'"^«en.l^tl 
carried out „u«ric.Uy ^«-Ih^Ä.,1"^^;3^'.^ 
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if only a few points are available In the ranges of the Inte- 
grations  For Instance, at Section A-A (Fig. IV.2) the 
trapezoidal rule yields ^4; = -/,/;-^Z; *   -^"e 

Eqs. (4.l2a-b) 

At Section A-A (Fig. IV.5) the rectangular rule yields (f/~~,) 

U iuJ?nJ£ J!;6 ?y!f3vir!s are determined from the exact Eqs. 
4ipr?ll i^ 5 11fc *M »o««nt distributions given by Eq3. 
'.4.12)-(4.13) do not check their exact counterparts.  These 
numerical Integrations can be improved appreciably if one 
accounts for the slope discontinuity in the pressure distribu- 
ei?La'r«»%Jhe M'?h }ln? ^ (^g. IV.2K wKich is kni^ to 
?hi ?«fTS?^h*,anal?tlCf1 solution. Eq- (^.2).  The effect of the infinite slope in the stream direction can be Included 
as shown in Appendix C, Ref. 31, provided the fluctuations 

fne Pressure as a function of X are not excessive. This 
qualification limits the refined integration technique of the 
above reference to cases where the leading edge is supersonic 
because subsonic leading edges produce severe fluctuations in 
the chordwise pressure distribution as estimated by any 
numerical approach. y  y 

For the particular numerical example at hand, even better 
numerical Integrations can be devised.  For example, at Sec- 
tion A-A (Fig. IV.2), if one uses the trapezoidal rule for 
WTJOL *Z(S'l '  the  refineiDent of Ref. 31 for the sharp drop 
in pressure in segment (3f)~0z)    ,   Simpson's rule for segment 
Ol)-<f*)    «nd the trapezoidal rule for segment C'9)-*   7 one 
yields8 SÄtlsfactory «ccuracy.  This combined approximation 
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singularity toproves the Lf.,^. W!luslon of «>• dorawsh 

the box sizes «re dlrectlv rJf^ 5 St:lc box systems,   where 

the stfoa
CÜfy ls encounte"nn carryL^n?^'  no P^tlcu- tne steps being parallel  to »-K^aL 5    "«* out  the solution 

' P"«l"l ^»PosslblUt?      ?uJtSe^r^ki:8 thls "«'niilot 
will be shown that the saiare ÜwS      'f'  '*en   ^"^^  ,   It 
Planforms with subsonic SJ". Sy Cann0t 1,e "«d for 

steadj0?!^* ««"«"I« "!■>« at an angle of attack *     , 
(T* CY^^lnlruinced ti Ä r1" ^ Vf- •Ä?agB

ln 

e4 y 'l^i-^el {S(i >' "^ "'in. -Ä 
o* .U bo«. 0ff th. wlng>- JOfb. „d^ero at ^centers 
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8 7 6 5 4 3 2 I A a b c d e f g 
1.2 

^ X ',c i.d 

/ 
«.2 2,1 X 

N 
-^ 

^ \ 
N 

/ 
K l 

r> SIDE 
'-EDGE 

N 
\ 

c. 
-^ 
/ \ 

"S 
-N. B 

Fig.   IV.8    Square Grid System for a Rectangular 
Wing in Steady Motion at Constant 
Angle of Attack. ( A/ = /. z   ) 

In nSrM^ed;KÄnd ^ dol?n^ll8he8 on t:he8e boxe« determined, In practice,  the number of boxes roust be limited,  so that 
;iM^?ibey0nd T6 b°und*ry line off the wing must be 
fu    * ff11? a"UIDed to h«ve zero downwash.    As a start,  let 
the following boxes and those which are further out have 
zero downwash 

*£, *r
l*>'--  '"k>- ■     '*$e, = O 

The nonzero downwashes *£.,*£,^• •  etc. are then determined 

by the conditions of zero pressure at the centers of boxes 
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ifui2** ?b, e'c-' ••• >-    Here a sequential solution Is not oo«- 
slble, since laterally adjacent boxes affect each other. The 
iSS^11: fhai y}el? th* ^""hes for the dlaphrag». boxes 
^JntJ «rih!0 •i~lt*«eo"»ly- The resultant p?essSres at three 
points on the planform are computed to be 

./ 
%,= -0.573 % j     ^ -4.S 73, %,,     /b^ - -O. TLtZ, 56 , 

as compared with the exact values 

During this computation the condition of zero pressure on boxes 
gives'    ^ ' etC"   viol*ted.  In fact, a simple computation 

{>,',,= 6- f'9, ¥5, ^ c' = o. f3¥. oo 

Next, one additional box Is taken in each row, i.e., 

The corresponding pressures at two points on the wing turn out 
to be 

/fo; - -ÄW,5b,        f>^~~O.Vo7,S€> 

If the foregoing process is continued, taking one additional 
box at a time in each row, the results can be shown to deviate 
^T*!  J"0" txcm  the ex*ct v*l«e«. Therefore, the first 
f*1«!» **•" only diaphragm boxes with centers inside the Mach 
line AB   are considered, appears to give the best possible ac- 
curacy, even though the pressure conditions at (/t-) ./2 c). 
etc., are violated. » (^'V » 

A similar difficulty occurs for planforms with swept super- 
sonic leading edges (c.f., points ^ and ^ , Fig. III.3 where 

P+0      according to the box scheue). While this violation 
of the zero-pressure condition is not serious for supersonic 
leading edges, as indicated by the results of Table III.3 it 
leads to much larger errors when there are subsonic edges. As 
can be *een from Table IV.3, the pressures for the first case 
treated above diverge more from the exact for boxes farther 
downstream and fluctuate violently. 
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Procedure (1) 
Using Square 

Boxes 

Exact  [Eq.   (4.1)] 

pi,l -0.573,96 

'2,1 -0.262,56 

P2,2 -0.573,96 

P3,l -0.310,63 

'3.2 -0.356,47 

P3,3 -0.644,50 

P3^ -0.808,53 

^,1 -2.410,91 

p5,2 
-2.652,43 

P6,3 +0.098,30 

Table IV.3    Pj^ur.. on the Mixed Region of a Rectangular 
Ai?Lwf eady ?otion «t « Constant Angle of Attack (Square Boxes,  A?^/.z  ) * 

IV-2    The Side-Edge Problem in Unsteady Flow 

relatively^I^L^roil^rjf s^ady^r ^ d^A^ ** 
the generil prScedSres  jSst outUned iJestUl^ffS^ T^T' dition to reeular Air i-iKi^»    u are  still valid.     In ad- 
(2\  nf llnlifS rv 1       t:a?les'  however,   the use of Procedure 

the transformation of variables Easr4  Ra hf    ^J  d\and 

for the pressure at the point (rx^'   L - ^'^due to^!^3 

wash  functions  given by Eqs.   (4  7a-b) ' ' e doWn" 
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(Zfi/tty     1/ M vTl^'it  zyd^> 

(origin on diaphragm) 

Wijm)      V v for*1'!' K1* 
0 (origin on planform) 

Here Jdg    Is the amplitude of the singular downwash strength, 
now assumed to have simple harmonic time dependence, co   Is the 
circular frequency of oscillation, and 

tor,   V 7 v^'/s-sj v^s        i^fv / 
0     0 l   / 

C^J^e'^^Lm-^dsdr,       (n-oj) . m>    1 J tfr-r.) -s \frs Wp 

Eqs. (4.l6a-b) 

The notation Is that of Fig. IV.4. 

Byjjultable changes of variables, the double Integrals de- 
fining X„   and pn    can be reduced to the single Integrated series 

-41 

m-i 

Eq. (4.17a) 
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-***'!, T,^    ^-, 

Eq.   (4.17b) 
where 

^      r,        ' n 

Jf> is  the Bessel  function of the first kind «nd order /> 
blnce ' 

JB(o) -/      ,      J^(o) = o     de* />*o 
Eqs. (4 I7a-b) in conjunction with Eqs. (4.l5a-b) confirm the 
expressions previously given for steady flow [Eqs. (4.8a-b)l 
The infinite series of products of Sessel functions in the 
integrands are rapidly convergent for the frequency and Mach 
number ranges of interest, so that only a few terms need be 
retained.  The integrations indicated by Eqs. (4.l7a-b) must 
be carried out numerically.  In this connection, it is worth 
noting that the integrands are functions of z*   only. More- 
over, for the Mach and characteristic grid systems (the only 
ones which permit introducing the singularity effect), n-   is 
an integer or a rational fraction, and <5n is a rational frac- 
tion less than unity.  A suggested method for the evaluation 
of these integrals is given in Appendix A. 

^ A! »n6316^1« to demonstrate that the inclusion of the 
sida-edge downwash singularity is feasible and results in 
fairly accurate airload distributions, calculations have been 
carried out for a rectangular wing in rigid body translational 
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oscllUtlon.     Since the downwash  is constant evervwher-    ^h- 
£%teteri3ticJPtem CÄn be used without encountÄthe 
problems caused fcy ^-variation over a box.    This sJftern is 
eSS?^;11*! lt Peralts the satisfaction of the zlro^ressire 
condition at points along the side edge. In Figs IV Q-IV [o 
the aerodynamic derivatives (Ref.   13) 8      IV-9-IV 10' 

«ft/* A*. 

M'+ L Mi = tie***?***«* A**"* *** /M:/*J^ 

tta/jÄ^^ 
thiTsJen      Jn^hJ   JiÄi'b)vt0 "^^i« errors associated with 
Vlll ltP'    tt1 ^e/y^ols have been previously defined ex- 
a^litSdeÄT?lltUde \0i theoscillatiSn.     The'jonftint'doSnwash 

Ref.   13 -«bod g?v^efs ii^1^"8"?.1^^^^?^"6 
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  TN  3076  SERIES  EXPANSION 
 EXACT-TWO DIMENSIONAL 

O        4  CHARACTERISTIC   BOXES-WITH SINGULARITY 
•        4  CHARACTERISTIC   BOXES - NO SINGULARITY 

24 

Fig. IV.10 Dimensionless Spanwise Moment Distribution on a Bectaneu- 
l?  U1^ in Translational Oscillation, as Calculated b? 
the Methods Indicated on the Curves. (^^ ^t" I ) * 
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In lhe  calcul«tion above, only four chordwlse boxes were 

Since Individual pressures are not easily obtainable fro« 
the expressions of Ref 13. the pressure was chicked Snly it 
one point.  For point 14, Fig. iv.2, oniy ÄC 

(ma. r } 
P =     -O. 3J25Oi-0.//5/l&L (CS>aracAr/s/,c   dotes 

Although the technique of including the downwash sinÄular- 
ity was shown to be feasible for unsteady flow? s^ question 
arises as to its practical value.  In steady flow the AIC's Is- 
sociated with the singular distributions have sSch simple mJhe- 
maMcal expressions [Eqs. (4.8a-b)) that Procedure (2)is S 
more difficult than Procedure 1). When the motion ii unsteady 
however, one must first tabulate the functions In  and ^ [Eqs 
(4.l7a-b)J, each of which depends on three variables. The 

(1) Tables» need be prepared only for discrete values of 
<r «nd cr . When a large number of chordwise boxes 
is taken, the ranges of <y- and ,3s may become exces- 
sive  However it will be shown beloi that the In' 
elusion of the downwash singularity is no longer 
necessary when a great many boxes are used. 

(2) i„ and J^  are both smoothly varying functions of 
the frequency parameter e .  Therefore, it is not 
necessary to take a large number of e  -entries be- 
cause interpolation can be done accurately over'laree Intervals. ' *-«*5e 

^rt ^Jill?! Jablfs are1
,?0^ as yet in existence, it is desirable 

to establish a lower limit on the number of chordwlse boxes re- 
??1^Hrrr thf Side edgeKif Pr°cedu« (1) is to be em^oyed 
If Mach boxes (or square boxes for M^JES  are used, it can be 
^own.lc.X^/lgs. IV.6.IV.7) that the significant inaccuracies 

*fI;jS^t:ableSia^tbree;dl,neiIsiona1' ^herea. the tabulations for the usual AIC are four-dimensional. ui.txons 
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in  the lift and moment distributions are confined to the first 
two or three stations near the side edge.  The more boxes that 
are taken, the more these critical stations will be confined 
to a small portion of the total mixed region, and the lifts and 
moments will then be closer to their exact values.  This Is 
demonstrated by the points calculated by the ten-box analysis 
in Figs. IV.6-IV.7.  There the total lifts and moments for the 
mixed region are expected to be sufficiently accurate.  On the 
basis of this steady-state example, a minimum of ten chordwise 
boxes is believed to be required when using Procedure (1). 

To substantiate this conclusion for unsteady motion, 
another numerical example has been carried out. The lift and 
moment distributions calculated with six and ten square boxes 
along the chord for a rectangular wing in rigid-body pitching 
oscillation about its mid-chord {£=o.& ,Al=/.5)  are presented 
in Figs. IV.11-IV.12 and compared with corresponding three- 
dimensional values from Ref. 13 and two-dimensional values 
from Ref. 36. For this combination of Mach number and reduced 
frequency, the former can be regarded as a standard of refer- 
ence. 

It is seen that with ten square boxes, the AIC results 
are much improved over those obtained with six boxes. The 
total lifts and moments over the mixed region with ten boxes 
are acceptable, since the major discrepancies are confined to 
a limited area near the tip.  If the contributions of the 
mixed regions to the airloads are small compared with those 
of the total wing, one might tolerate somewhat poorer accuracy 
in these regions and accept fewer than ten chordwise boxes. 
However, this can be done only for certain special planforms 
and motions.  If the motion Involves spanwlse elastic deforma- 
tions such that the deflections near the tip are large, which 
is often the case In flutter, the aerodynamic loads will be 
concentrated on the outboard sections. Maximum accuracy is 
then demanded in the mixed region, regardless of the aspect 
ratio. Therefore, the conservative and generally acceptable 
rule seems to be either to adopt at least ten boxes along the 
wing-tip chord or make special provisions to Include the 
proper downwash singularity off this tip. 

IV.3 The Subsonic Leading and Trailing Edge Problems 

In the previous section a method was devised which in- 
cluded the effect of the downwash singularity at a side edge on 
the pressure distribution over a finite wing oscillating in 
supersonic flow. When a similar procedure Is attempted for a 
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•EXACT   TWO-DIMENSIONAL   TR  646 

SERIES   EXPANSION   TN  3076 

SIX   SQUARE   BOXES  (PROCEDURE    I) 

TEN  SQUARE   BOXES  (PROCEDURE    I) 

Fig. XV.U Mrä'?1^.;^ft 01«^ ,  on . Recta 
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 EXACT  TWO-DIMENSIONAL  TR   846 

— SERIES   EXPANSION   TN   3076 

SIX  SQUARE   BOXES   (PROCEDURE    I) 

TEN   SQUARE   BOXES   ( PROCEDURE    I) 
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Fig. IV.12 Dlnenslonless Spanwlse Distribution of Pitching Moment 
About the Mid-Chord of a Rectangular Wing in Pitching 
Oscillation About Its Mid-Chord Axis, as Calculated by 
the Indicated Methods. (*=0.6, M = /.5 ) 
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edge «rbe^iprMÄ^v^JiS I1}:1 '?« • •*•?* leading 
ul-tlng the AI^s  fo? pirtLl llleV    Ii?e

thi".0rder '? Ävoid ***' 
accepted,   the question arises *J Sh«i ' ÄPProxi«»«tion Is 
Ur downwssh distribution. n!-I.0uho!f one CÄn represent slngu- 
the axis of the sligüJwUy^" fS?/^68-    0n the actUÄl ^S 
form with the jagged edles  wJiji    th! SVept ed«e-    To un- 
adjusted so  thit8it follows the JteSl?;^"''11'   rhi8 fxi8 n,U8t b* 
line.    Practical dlfficuUlai ar! 2;i«! «egnents of the broken 
assurance that the distortion of -K    0yntefed'  Änd ther* 1« no 
improve the resets oJe?ih« 2oultSehfl?8Ul;rKdi8trfbution will 
singularity altogether e found by ne«lecting the 

sche^L^sSs^nic'e'Sges^ot^t^^'L^ P5 the «^l-rity 
vestigated another altSna??^    iKfnK8ide ?d8e8'   the ««thori  in- 
singularity by anllvMrl? £f!  '  which con«i«ts of removing the 
tiS of the" XuuÄJhrb« ^tho5e,ltT1Sfa

the "T1"1"« £*- 
Pra«i"l-    The downwaih .LgSL^JJ « a olL?^6^6^^^ ia' 
leading edge of a finite *in« la dlLILlJ0^?" the «"bsonic 
portion of the wing insid^the  '0^^^ ft the ,BOt:ion of the 

this point.     The  influencin* area^v w?Vine8  e,Mnatin8 from 
ing edge,   if the latter is f 1 Jo Jublo«^1^6 Ä p*rt of the trail- 
-nethod for calculatinfthJa siS^laJJti in ^e'  Äny •"•i^al 
just as well  to find the entir2 VOIH JLi .fdv?nce could be U8ed 
»ede the AIC approach entirely distribution and would super- 

Aic».Tl;;ef?rKi^s;:d
id:^jnoi#wi^.tbj c™ciu8ion that, if 

be made to yield aitlifLforl hf. !    in8? ?f thi8  t^P6»   they must 
visions of tir?yjrrep?esente3 Sv^r^rH^^o^^8^181 P"" subsection. yP    represented by Procedure (2)  of the previous 

plmfi^tSj ^«.IvIlvV^f!;.^ Cff be Proved *o* other 
the chord c.«;.Sr?£"S ^""^InerJu^rL^ 'T8 alon« 
verge toward the exact value«      Too-JfkfTÜ6? force8  to con- 
number of boxes raqulJad S JchllS. liSif^/ loWer }i,Dit on the 

treatment of a subsonic  leading SL 15 lf*Ctor? P"ci«ion in the 
merlcal example is  first D?e«2UHg    l?}**'  ,the allowing nu- 
with sweep^gle ^M/^^t ctnlÜlT^l ^Ä 

oT^i^ {%
ntthZytnlt9 )n "o^hS'10" " £0n8t8nt 8n«le 

retical airloads c'an^Te diri^A f7    ^hia ca8e'  th8 exact theo- 
velocity Potenc'l.r^^rÄSr.^.^r?^' &] *' 

WADC TR 56-97,  Part 1 -88- 

CONFIDENTIAL 



C8NFIDENTMI 

WaitAj 

Eqs. (4.l8a-c) 

Here £   is the complete elliptic integral of the second kind, 
the coordinates * , ^  are those of Fig. IV.13, and the 
pitching moment is about the ^ -axis:  ^.AAF = 0^90 <? + 
By spanwise integrations of Eqs. (4.l6a.c), one"obtains for the 
dimensionless total lift and total moment 

Eqs. (4.19a-b) 
1^   MoineiT / X'cdt A 

The figure illustrates the pattern of Mach boxes adopted for 
^fi  CMCaiCul5tion-  A^ this Particiilar Mach nuinber^ lnclden. 
tally. Mach and square boxes are identical. 

In each box of Fig. IV.13 two values for the pressure are 
given, the upper being that calculated by the box scheme and 
the lower from the exact formula [Eq. (4.18a)].  It is seen 
that the individual pressures given by the numerical method 
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UPPER NUMBER-BOX  SCHEME 

LOWER   NUMBER-EXACT 
_ Zpö'a 

Fig. IV.13 Dimensionleas Pressure Distribution on a Tri- 
angular Wing at Constant Angle of Attack. 
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fluctuate considerably In Che atreaa direction  A al><l>- 
ph.no«non wa. observed In connection with e wot IuS.«I„^ 

^ Äia ÄcK^s^^r^pirra 
^ho^for^e^^.'01 th* U£t """« .«-^^.«0^ 

c^be^e^^inr?^;^?"-*   The foUowin« P0"" act re«ult«: g of conv«r8ence toward the ex- 

(1) The convergence i« not uniform but proceed«  In cycle« 
It 5ÄPPfn«  i" thi«  example that the error increMe. 
Si^hiLÜ0 then •Ud?enly J^8 ** * «^lUr ""e 
b™.P?!n?IBen0n ^Pf*"?« e«ch time the number of 
„fllA* f"crea8ed by three.    The only rational way 
dfvlItS^S conve^fnce 1«  to examine the m^il^J oeviatlon« of successive cycles. ^^ 

(2) The convergence based on «ucce««ive cycles is slow 
K^fS":JB?^,Dore thfn t^lve boxei wo^ld hlie to 

(3) 

.     .    '  —/ .   ~ w.—.. bwci.ve uuxes wouic nave t 
l-^eo/ t0 aChieV! Ä 8i8nificant reduction of the 

of Table l"?0" chllrÄCterl«ic of the lower portion 

Practical consideration« of manageable computations 
rule out any increase far beyond twelve boxes, since 
oftif^ grV*  a? l***\in  Proportion to the «qu!" 
cÜSi8.^617-, l*ia  therefore tentatively con- 
fiSÄ .?!! ^Zf  boxe8 alon8 the »id«pan ?hord af- 
f«^«.-^*00?^16 ^«"Promise between accuracy and 
rJTJ«» flona} UboTu Two additional examples bf 
triangular wings with subsonic leading edees in un- 
•teady motion are presented in SectioS V. ?t 1« Seen 

•In all these cases, the box size« are adlueted so that-  i-h« 
sum of the areas of the complete boxes which reoUc et LS?-, 
fSdi?.eXaCtly e<»uai to thS area of ?he wägrePs!Sle theP 

Ä1^^^ -le ha^een 
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Number of 
Chordwise 
Boxes at 
the Midspan 
Station 

L A7 

'  1 -1.28 -1.536 

2 -1.28 -1.792 

3 -1.028,75 -1.193,55 

4 -1.075,26 -1.378,69 

5 -1.130,02 -1.540,59 

6 -1.043,96 -1.345,13 

7 -1.061,81 -1.399,60 

8 -1.093,96 -1.483,04 

9 -1.040,12 -1.365,48 

10 -1.048,12 -1.389,83 

11 -1.069,35 -1.443,09 

12 -1.035,23 -1.369,79 

Exact 
[Eqs. (4.l9a-b)] -0.987,09 -1.316,11 

Table IV.4 Total Lifts and Moments on a Triangular Wing at 
Constant Angle of Attack in Steady Flow, Cal- 
culated by the AIC Method with an Increasing 
Number of Chordwise Boxes, (co^«^, y»f^vS"J 
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there that six or eight boxes along the midspan chord, 
which proved sufficient for purely supersonic plan- 
forms, are Inadequate when subsonic edges are present. 
If large-scale digital facilities are available and 
costs do not have to be held down, the requirement of 
higher accuracy in particular cases may increase the 
tentative minimum by a substantial amount.  The ex- 
perience of the authors to date, however, does not 
permit any quantitative estimation of the probable 
error associated with any given number of boxes. 

Originally it was believed that one could alleviate the 
error* in calculations like the foregoing (wings with super- 
sonic trailing edges and subsonic leading edges) by making 
use of the reverse-flow theorem. After reversing the flow, 
it is a case of dealing with a planform with subsonic trail- 
ing edges and supersonic leading edges, and thus eliminating 
regions of pressure singularity.  It will be demonstrated that 
this artifice is unsuccessful. The Identities implied by the 
reverse-flow theorem (Ref. 1?) for the total lift and total 
moment on a wing at constant angle of attack in steady flow 
can be written 

M-ujjhf-hy^-ztJJh,*^        Eqs- ^•20a-b) 

Here S^     and JS[  are the regions of integration over the plan- 
form in forward and reversed flows, respectively; fa   is the 
pressure due to a downwash IM.   in forward flow, /? is due to 

a downwash Ai/and fe    is due to a downwash (^/zt-)-  Z/in reverse 
flow.  If the assumption of constant downwash over each dia- 
phragm box near a subsonic trailing edge were less critical 
than the same assumption near a subsonic leading edge, then the 
reverse-flow approach would improve the accuracies of the total 
generalized forces. However, if one considers the triangular 
wing and solves the same problem in forward and reversed flows, 
onegbtalns identical results.» This indicates that, as far as 
*It is not obvious that the two configurations should yield the 
same results, even though Eqs. (4.20a-b) are exact expressions 
from linearized theory, since solutions by the box scheme for both 
flow directions are approximations. 
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™LlTeltli5eu  force estimations by the AIC method are con- 
cerned, the inherent errors introduced In the treatment of 

ISäSIä:^" "*Just" Ur8e "s chose ^ °ub- 
r.n^  It  0"e adtnits that a minimum of eight boxes along the 
tSelCf Sol,iSfreqUilrei f0r pyrely suPe«onic planformf an5 twelve boxes for planforms with subsonic leading edges, it 
^UT0nabie t0,extrapolate and set a minimum Zf sixteen 
?n* j£XeS fSr P1?nf?rins with both subsonic leading and trail 
befn  dS'    calculations on examples of this sort have yet 
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SECTION V 

SUPPLEMENTARY NUMERICAL EXAMPLES 

Certain additional examples of the application of the AIC 
method to oscillating delta wings arc included in this section. 
Three of the cases involve the use of square boxes at M=/-5' ; 
the fourth illustrates the Mach-box scheme at /V= /•£   ,  which 
is regarded as Just about the lower practical limit of linear- 
ized supersonic theory.  These examples were worked out in the 
course of investigating various difficulties associated with 
numerical methods, and for the sake of clarity were left out 
from previous Sections. The reader will recognize from ac- 
companying discussion, however, that each result tends to sub- 
stantiate one or more of the conclusions and rules stated in 
foregoing sections. 

V.l Purely Supersonic Planforms 

Case 1:  The spanwise lift and pitching moment distribu- 
tions are given in Figs. V.1-V.2 for a triangular wing with 
leading edge swept back forty-five degrees flying steadily at 
M= I.S' and constant angle of attack.  Three, six and eight 
square boxes were employed in the computations.  All these 
airload distributions are remarkably close to the exact ones, 
which also appear on the figures.  One obtains even more ac- 
curate estimates for the total lift and total pitching iroment 
because of the averaging effect of the spanwise integrations. 
Although in this particular case few boxes yield excellent 
results, the same cannot be said for other purely supersonic 
planforms undergoing elastic deformations at high frequencies, 
as shown in Section III. 

Case 2:  The same wing as Case (1) is considered to per- 

form parabolic bendingj)scillations at TC = c.5i,   this motion 
being described by £■ ='^a(y/zi-) e.''eo      ,  where n0    is the tip 

amplitude.  With eight chordwise boxes at the root, one obtains 
excellent estimates for the total lift and pitching moment 
about the apex, as shown by the following comparison with the 
corresponding quantities from the exact theory of Ref. (17): 
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■Total Lift 

■0.023,09 - 0.158,831 Exact 

- -0.023.21 - 0.158,911 
Box Method 

Total Mgggnt 
-0.038,06 - 0.252,951 

Exact 

-0.038,17 - 0.251,201 
Box Method 

substanSa^Ln^o^hrq^fi^M8 ***,**  Said **  «<* further 
be taken along the^Ä^ 

V.2 Planf^...^. _   .        a Win8 with supersonic edges. 
Planforms with Subsonfr gdge« 

jre given In Figs. V.3-V 6 fo? l|
PJw«n^8i,n0n,e?t distributions 

edge swept back sixty degrees Derfo^?8^ ^i"8 wlth leading 
tion and pitching oscillftions^bfu^K8 rl«id-bo<iy transla- 
at t=az    and /$=AS El»^ A-^ thv root "id-chord axis 
along the midspan chordiine 8 ft ?«ÄIe^OXeS Were employed 
discrepancies exist between'thi-Jfi^^' that appreciable 
and the more exact resuufof L?1^*08 fro7 the AIC scheÜ 
nrament distributions  Al^h«..»? 5ü 20' esPeclally for the 
turn out to be .Äa/be^b^.'f^ lltta ***  ^««8 
of the spanwise inteeraHrtnc  Decause of the averagine effpr^c 
of accuracy as wUhTjurell'CIrs^ l^ ^^olZr 
the same number of boxe«?  L« Pf onic Planform overlaid wlrh 
twelve boxes rather thin'e^K?eriienCe J"18 indlcated thft taklL 
sufficient increase in prlcfslon1?«8 the mi*9?**  chorS yields 8 
putational labor.  ThL^roiemen? SvT' the «^itional com- 
eyen more significant forTlanfo™, S be ?xPected to become 
tions.  Further enlarging thJnSSL nfev8oln8 elastic deforme- 
does not seem to be jSs?ffiable SoweSfr OXeS bey0nd ^^ 
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Case 4:  The spanwlse lift and moment distributions are 

given in Figs. V.7-V.8 for a triangular wing with leading edge 
swept back forty-five degrees, at 4 = ai,  and M^Z-Z,  executing 
a spanwise parabolic bending oscillation.  Six chordwise Mach 
boxes were employed in the calculation.  The accuracies ob- 
tained for these airload distributions are seen to be rather 
poor.  As in the previous case, one must apparently resort to 
the order of twelve chordwise boxes at the root if one is to 
get reasonable approximations for the airloads. 
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SECTION VI 

ALTERNATIVE NUMERICAL APPROACHES 

The numerical method which forms the principal topic of 
the present report Is based on the concept of the direct aero- 
dynamic pressure Influence coefficient, which gives pressure 
at f point due to an Influencing elementary area with a pre- 
scribed downwash. Two other types of Influence coefficients 
nave been proposed and were studied to some extent by M.I.T.: 

(1) The Inverse pressure Influence coefficient, which 
gives the downwash at a point due to a prescribed 
pressure distribution over an Influencing elementary 
area  This has the very desirable feature that It 
avoids consideration of the diaphragm region, where 
the pressure is everywhere zero. In cases of wings 
with subsonic edges.  It forms the basis of numeri- 
cal methods In unsteady, three-dimensional subsonic 
flow (Refs. 28, 41), where the direct AIC cannot 
readily be calculated. 

(2) The lift Influence coefficient, which represents 
the total lift acting on an elementary area due to 
a prescribed downwash over another elementary area. 
This coefficient has been found to lead to complica- 
tions (e.g., two additional Integrations must be 
performed) and affords no special advantage over 
the originally proposed AIC.  Therefore, for the 
sake of brevity, numerical Investigations based on 
this type of Influence coefficient are not reported 
here. 

It will now be demonstrated that the Inverse pressure 
coefficient, which seems quite promising at first, can be used 
with no difficulty for steady-state analyses.  For unsteady 
motion, however, the required tabulations become so complex 
as to render this method quite Impractical. 

V1-1 The Inverse Pressure Influence Coefficient 

/  « 1Q\*  recent publication Voss and the present authors 
(Ref. 28) outline a procedure for determining the airloads on 
an oscillating elastic wing in subsonic flow at low values of 
the frequency by the method of the inverse pressure influence 
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iwnHinut 

of the welghted^ownwiJh (H JiyEqn (2™)]       * SUrfaCe lnte8ri11 

f~ JJ&Ct.i)r(*~i.t-7)<*iSf Eq. (6tl) 
S 

ÄSId^o^UW S^riJsion^h EqUatlon ^ *** *• In- 
terms of « surfet iSI^ii «f^h rfP![e8!nt8 the <Jownw«sh in tion, surr«ce integral of the weighted pressure distrlbu- 

/ Eq.   (6.2) 

where    /C   is the so-called "inverse" kernel. 

repre£n%alM%L^^^ 
be considered, flnca in «Sh J!fJ neÄfv

subsonic edges need not 

*('-*■>-»-& i^M-t-VrrOvfiJWW *,. (6.3) 

where ^/ ls the step function 
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Eq. (S.k) 

If Che Inverse pressure influence coefficient ^   is defined 
as the downwash at a point due to a unit constant pressure over 
an influencing box, then in the Mach grid system (Fig. II.3) the 
relation corresponding to Eq. (2.14) for the "direct case" is 

^-=^Z£4> Eq. (6.5) 

Using Eqs. (6.2)-(6.3), one can derive the following expres- 
sions for these coefficients: 

o.o 
P        =■     -/ V=M^O 

Eqs.  (6.6a-c) 
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A partial list of numerical values of i^-  is given in Table 

yi'1*    J' is significant that this table-covers all values of 
in Es (ST) r' SlnCe thiS  parÄ,neter does not «PPear directly 

^ 
0 

s 
1 2 3 4 5 

0 -1 

1 -1.016,98 0.508,*9 

2 -1.230,00 0.485,75 0.129,25 

3 -1.254,91 0.444,66 0.117,67 0.065,13 

4 -1.263,09 0.435,10 0.097,68 0.057,88 o.o4o,89 

5 
  

-1.266,79 
  

0.431,07 0.092,27 0.045,53 0.035,82 0.028,70 
—  

Table VI.1 A Short Table for Inverse Pressure Influence 
Coefficients in the Mach Grid System. 
Steady State (>g=<5 ) y ^  • 

moa. pff?nfi«J8.0f Whlch box 8cheine is to be followed, it is most etticient to assume a constant pressure over each box 
This step linits the tabulations to a single ?roe of inve^e 
JhriSeJuicv'T^^06"101^' ^ ->ust8careS!ly e^Sr 
?-L?«-q^ y 0*thU  fssumption, especially near subsonic 
ieading edges where the pressures have singular behavior. For 
cSÜeESSn^lS0 nu,D?ric*1 «««»Pies, which8were considerid in 
S-oS £™- with previous studies, have been recomputed using 
Mach boxes and inverse coefficients: 

(1) A rectangular wing in steady flow at a constant 
angle of attack cc . 
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(2) A triangular wing, with leading edge sweep 

A.'cd~'a.ev,   In steady flow at a constant angle of 
attack oc 

a. The Rectangular Wing 
The pressure distribution on the mixed region of this wing 

is presented in Fig. VI.1. A comparison between these values 
and those from Table AV.2 reveals that the inverse-coefficient 
approach yields better accuracy for the pressures at the box 
centers than the direct method which omits the effect of the 
side-edge singularity. However, the accuracy is poorer than 
the direct method including the refinement for the edge. The 
discrepancies between the results of the new method and their 
exact counterparts can be solely attributed to the approxima- 
tion that the pressure over each box is constant and equal to 
its value at the center; this is most critical for a box ad- 
jacent to the side edge, where the slope of the pressure is 
singular. One might be able to get improved precision by ac- 
counting in an approximate fashion for the known variation of 
pressure over side-edge boxes. Such a step would require (as 
in the case of the refinement in the direct case) developing 
and tabulating an extra set of Influence coefficients. 

b. The Triangular Wing 

The pressure distribution on this wing is presented in 
Fig. VI.2. A comparison between these values and the corre- 
sponding ones from Fig. IV.13 reveals that the chordwise 
pressure fluctuations are even more severe than those en- 
countered with the direct method. The dimensionless total 
lift and total moment are 

These quantities are closer to the exact values ot - a-v&Z^ 
and -/.3/Gj// , respectively, than the corresponding 
estimates by the direct method using six chordwise boxes. The 
latterare -/.o^3,94>        and -/. 39sJ/3        from Table IV.4. 

It has been demonstrated so far that the Inverse approach 
offers a satisfactory alternative way for estimating steady- 
state airload dl<>trlDutlons. From the examples shown above 
it appears that one may often expect to obtain better accuracy 
than from the direct pressure influence coefficients without 
refinements. However, the new method has a serious dis- 
advantage when extended to wings in unsteady motion. The 
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/ 
+1.000.00 

/ 
0491,51 
0.606,17 
0.445ß7 
0391.83 

/ 

0.Q/2.I9 
0.704,83 
05$9,84 
0564.09 

0.593,64 
0.410,57 
0.326.22 
0.295,17 

0.671,96 
ft 733,25 
0X69,62 
0640,98 

0.527,02 
0.525,33 
0.473J7 
0.454/17 

0.293,96 
0352,90 
0.24-^ 
0.246,75 

0.709.07 
0 783,6S 
0.712,07 
0687,49 

0.602,63 
osaqgi 
0.552J9 
0.535,44 

0.403.05 
0.460,54 
0.391,79 
0.391,93 

0.290.59 
0.300,01 
0233,51 
0.216.35 

/ 

0.734.92 
0.60$OZ 
0.741,43 
0.719,56 

0.653.37 
0.634,79 
060125 
0.567.93 

a46Z7/ 
0525.88 
0.470.63 
0.47 f.02 

0.409,75 
0.40tf99 
0362.09 
0.349.8O 

0229.06 
(X274.05 
0./9/.69 
O.I94.98 

Fig.   VI.1 Dlmenslonless Pressures on the Mixed Region 
of a Rectangular Wing in Steady Supersonic 
Motion at a Constant Angle of Attack.  Com- 
parison Between Exact Results and Three 
Forms of the Mach Box Method 

[Values given are for the centers of boxes 
in the following order:  (1) Inverse pres- 
sure method, (2) Direct method without down- 
wash singularity, (3) Direct method with 
downwash singularity, (4) Exact.] 
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VALUES OF 
-A, 

(2/)Ufa) 

•0.0S4,3*  0.50580 

0.0/1,19 

1211,57 

0.79S.63 

0.0/0,62     /.040,66 

1.8/9,25 

0.4/4 86 

Fig. VI.2 Pressure Distributions on a Triangular 
wing in Steady Supersonic Flow at a 
Constant Angle of Attack with the In- 
verse Pressure Coefficient Method. 
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fom of the Inverse kernel X  is much more eonpllceced then 
that of its counterpart F   , rendering the task of evaluating 
the Inverse pressure Influence coefficients a difficult one. 
The downwash «J^y; at a point (x.f)     due to a unit constant 
pressure on an elementary area A     inside the forward Mach 
cone from (*,%) can be written in dimensionless notation fcf. Eq. 
(16b) of Ref. 42): 

^ 

A 

Eq. (6.7) 

Compared to the expression for the direct Influence coefficient 
[Eq. (2.4)], the evaluation of the inverse coefficient ^  ac- 
cording to Eq. (6.7) calls for an additional integration over 
the variable A . Also, extreme caution must be exercised in 
carrying out the >?  -integration, since the integrand is highly 
singular at >}=#-  . Although Eq. (6.7) can be integrated in 
closed form when #=0   to yield the influence coefficients 
Eqs. (6.6«-c), it is a difficult task to evaluate ÜQ (x,y) 
when /£ftö .  Even for low frequencies, when K   can be approxi- 
mated by a finite power series in £   (cf. Ref. 42), one still 
is faced with the double integrations with respect to ? ,f 
which require lengthy sets of computations.  Further iresearch is 
reconmended before any systematic tabulation of inverse coef- 
ficients is undertaken. 
VI.2 The Lift Influence Coefficient 

The lift influence coefficient is defined as the total 
lift over an elementary area due to a unit constant downwash 
over another elementary area. Consider two such areas to be 
the full boxes A ß    ,  respectively in the Mach system as 
shown in Fig. VI.3. 
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Fig. VI.3 The Use of Mach System in Connection with the 
Lift Influence Coefficient 

In order to evaluate the total lift over ^ due to B   , 
one oust first find the pressure distribution over A  .    For 
the point A,   ,  the influencing area is the triangle c4e  , 

and foi: the point «2 , the quadrilateral jfcj£   .    Since the 

evaluation of the lift influence coefficient requires a double 
integration over ^ , it is desirable to find the pressures at 
all points of A    in closed form. Although this is possible 
for the steady-state case, the same cannot be said when /€ *a . 
Furthermore this method was found to have no particular ad- 
v?nM*8e over the ori8inftl approach with the possible exception 
of smoothing out" the chordwise and spanwise fluctuations of 
the airloads and allowing the specification of zero lift over 
each diaphragm box rather than zero pressure at the center of 
each such box. Since the usefulness of this approach is limi- 
ted to the steady-state case, and even there the additional 
complications far outweigh its slight advantages, this ap- 
proach was not pursued further. 
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APPENDIX A 

EVALUATION OF THE FUNCTIONS i AND^ 

It was pointed out in Section IV that two additional func- 
tions must be tabulated in connection with the procedure for 
including the effect of the downwash singularity near a side 
edge.  These are the X„ - and 1%   -functions, defined by Eqs. 
(4.17a-b). The integrations required must be carried out 
numerically, and the reconmended integration technique is the 
modified Gauss quadrature (Ref. 43), which appears to give 
satisfactory accuracy with a minimum of computacional labor. 

A.l Numerical Integration Formula 

Since the integrand in Z"„ is a function of z* only, it 
represents an integral of the type 

Applying the general techniaue of Ref. 43 to Eq. (A.l), it 
can be shown that the numerical integration formula 

IMf^-^vM-tw) Eq. (A.2) 

is exact, provided jiff)    is a polynomial of order (zH-i) or less 
in ^ and the stations ^ are properly chosen.  The /^i are 
associated weighting factors.  The valu«T of y  are the roots 
of the equation ^ 

^£(ifM)~ o 
Eq. (A.3) 

For example, if N~ 5 ,   these roots turn out to be 

^ = O.OZZ, f63j 5(,Y fa^O.7^, 33% 6Se 

y = (I-187,831, S7V #s= o.9^ lm 9/0 • 
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Th. «lghtlng f.etor. y   ea  then be ^^^  ^^ 
lowing set of simultaneous cauatlons whi^h .,. J i ^ . 
.««...l,.ly .Pplyl„g E,. (r^'^hel^tt^s''« * 

^/^ M^ v/^- v>.-^ 
! 

I 
I 

O*-!  . *-'./ N-i,, lf-t,. M-i . 

Eqs.(A.4) 

For A/^.s", one has 

/y, = ^ 2.95, &</, Z,S ^ = a ,¥S, ^3a 

Hz   - <?..2^5?^6, 73^ Hs = Ä^^^^^ 

If . «n^'^ den0te ^ inte8r-nd of th« ^ -integral. 
If a finite power series of order (ZH-l)   In ^  which takes 
the same values as %(E*)    «t the points y = ^^  ^^ ^^ 

where 6, d- are those defined following Eqs. (4.l7a.b). 

ness of the IntSraJS !!•? thS «!SJ ^Pf"»» on the slnuous- 
Integrand will bSSa ^e and S?f%?5 lnt««r*ti<«». The 
creased. Thereforrf^ t^T^l^r^ \ ^^ 
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critical case will be when the frequency is maximum.  Let the 
maximum reduced frequency at which this method is to be ap- 
plied be denoted by ^  .  in the process of calculating the 

aerodynamic influence coefficients for a wing at /^^  , one 

need consider only the  6-range for Tn   [Eq. (4.17a)] 

For different boxes in the diaphragm region, both £ and a- 
vary. However, it can be easily inferred from the locations 
of diaphragm boxes in Fig. IV,5 that 

€ 
Therefore for a given €  in the tables, the only entries re- 
quired are those for which 

0 ^ Q-^    ?*£_/ e 
If the Mach box system is used, and at most nine boxes are 
taken along the side edge (beyond this number of boxes, the 
inclusion of the downwash singularity is probably unnecessary, 
as stated in Section IV), this limitation yields cr^/.» There- 
fore the tabulations would have to cover the ranges 

With these ranges established, it has been found that a 
five-point integration will suffice for all e's and a-'s for 
which  e  *-i L' 

When evaluating the function jj , the situation is some- 

what different because the limits of integration are \/W  and 
1 rather than O  and 1      . A numerical integration formula 

similar to Eq. (A.2) can be devised when the lower limit is 
some constant other than zero.  However, the formula will be 
dependent on this lower limit.  Since one must tabulate the 
coefficients Pn    for several values of cr , an equal number 

of integration formulas would be necessary. To by-pass this 
complication, the following alternative is suggested.  Let 

^/)(?£) denote the integrand of the Fn  -integral (Eq. 4.17b) 

♦It should be remembered that cT can have only discrete values 
when a box system is used; e.g., for nine Mach boxes, (r= 1,3,5,7 
-L   3    ...7 IS.... z 'a' t'T'f' 
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Eq. (A.5) 

For Z^^tr   ,  the arguments of the Bessel functions in Eq. 
(4.17b) become imaginary. Instead of taking the true values 
of <j>, for Z2<.<T    ,  consider 

Eq, (A.6) 

The function Gn(^j    is continuous across Z^er    , and has also 

at least a continuous first derivative. Therefore Gn(&*)    is 

sufficiently smooth to be approximated by a finite polynomial 

in &* .    Equation (A.5) then reduces to fslnce Gj^^GJ^fiirz%f) 

Eq. (A.6) 

Now both integrals have the limits O  and / ; therefore, apply- 
ing Eq. (A.2) to Eq. (A.6) yields 

i?- e^t^p-ip^-^'}     E,. (A.7) 
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The number of integration points H   that t,» »  be taken to 

ensure adequate numerical integration depends n  he values oJ 

S and ^ .  By a method similar to that for Jl    .run 
prove that tables of the £n   have to cover the ran-ps 

£ £ € .2.—   ^"K*   *- sP ss ti. jf* <   *=* 
e      y tm 

Once more,nine     e maximum number of boxes to b. taken alonR 
the side edge.    ^  for this case is 

e^~ #„ 
It has been found that for the necessary tables, a , ve-pcint 
integration for  e^ 1.6, and a nine-point integration for 
i.b ^ g. ^ 3.2 will suffice, for all r's   ,  provIde<  *;  Ä3.3, 

max 
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